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Abstract

Accurate and efficient computation on curved surfaces remains a central challenge in numer-
ical analysis. This dissertation addresses this problem by presenting high-order methods for
numerical integration and the discretization of partial differential equations on such surfaces,
combining theoretical analysis with the development of efficient algorithms.

We introduce a novel methodology for constructing high-order volume elements (HOVE) as a
building block for spectral discretizations on embedded surfaces. The central idea is a reparametriza-
tion strategy, referred to as square-squeezing, which maps an initial flat triangulation of the sur-
face to a tensor-product domain through a homeomorphic multilinear transformation. This
transformation enables the use of tensor-product Chebyshev–Lobatto grids within each ele-
ment, allowing stable high-order interpolation of both the surface geometry and functions de-
fined on the surface. Combinedwith spectral differentiation for computingmap derivatives and
approximating the metric tensor, the resulting framework provides an accurate and computa-
tionally efficient approach for high-order surface discretizations. The method is implemented
in the surfgeopy software package to support further applications and developments.

In addition, we develop a theoretical framework that explains the superior convergence of even-
degree polynomials in piecewise polynomial surface parametrizations with Lagrange elements,
proves this behavior, and illustrates its application to numerical computations of surface inte-
grals. The whole approach rests on interpolation in equidistant nodes on simplices, making it
sensitive to Runge’s phenomenon and becoming unstable for high orders. The proposed HOVE
method eliminates these stability and accuracy issues while maintaining computational effi-
ciency.

In the final part of the thesis, we present a domain decomposition scheme that employs high-
order spectral approximations on each element, coupled with a direct hierarchical solver, form-
ing what is known as the hierarchical Poincaré–Steklov (HPS) scheme. For general triangulated
surfaces, we develop two strategies: (i) a hypercube-to-simplex reparametrization, and (ii) a
rhombus-based quadrilateralization technique. These strategies make it possible for triangular
elements to match the efficiency of quadrilateral elements, thereby extending high-order spec-
tral domain decomposition methods to unstructured, triangulated surface meshes without loss
of accuracy or computational performance. While originally designed for stationary, linear el-
liptic PDEs, theHPS framework is extended to time-dependent systems and applied to a Turing-
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type reaction–diffusion model on static surfaces, exploring how geometry, nonlinearities, and
coupling influence pattern formation.

Finally, we extend the framework to evolving geometries by adapting the closest point projection
method to incorporate time-dependent surface evolution. To mitigate mesh degeneration, par-
ticularly the formation of near-degenerate triangles, an arbitrary Lagrangian–Eulerian (ALE)
mapping is applied during deformation. Two biologically inspired surface growth models are
studied to analyze the effect of curvature and domain evolution on pattern formation, with im-
plications for morphogenesis and material design.

These developments advance the state of high-order spectral methods for surface-based compu-
tation, providing both theoretical insight and practical tools for applications in computational
geometry, physics, and biology.
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Zusammenfassung

Eine genaue und effiziente Berechnung auf gekrümmten Flächen bleibt eine zentrale Heraus-
forderung in der Numerischen Analysis. Diese Dissertation behandelt dieses Problem durch
die Vorstellung hochgradiger Verfahren für die numerische Integration und die Diskretisierung
partieller Differentialgleichungen auf solchen Flächen, wobei theoretische Analysenmit der En-
twicklung effizienter Algorithmen kombiniert werden.

Wir stellen eine neuartigeMethodik zurKonstruktion hochordentlicherVolumenelemente (HOVE)
als Baustein für spektrale Diskretisierungen auf eingebetteten Oberflächen vor. Die zentrale
Idee besteht in einer Reparametrisierungsstrategie, die als Square-Squeezing bezeichnet wird
und eine anfängliche flache Triangulierung der Oberfläche mittels einer homöomorphen mul-
tilinearen Transformation auf eine Tensorprodukt-Domäne abbildet. Diese Transformation er-
möglicht dieVerwendungvonTensorprodukt-Chebyshev–Lobatto-Gittern innerhalb jeder Zelle
und erlaubt dadurch eine stabile hochordentliche Interpolation sowohl der Oberflächengeome-
trie als auch von auf der Oberfläche definierten Funktionen. In Kombination mit spektraler Dif-
ferentiation zur BerechnungderAbbildungsableitungenund zurApproximationdesmetrischen
Tensors ergibt sich ein genauer und recheneffizienterAnsatz für hochordentlicheOberflächendiskretisierun-
gen. Die Methode ist in der Softwarebibliothek surfgeopy implementiert, um weitere Anwen-
dungen und Entwicklungen zu unterstützen.

Darüber hinaus entwickeln wir einen theoretischen Rahmen, der die überlegene Konvergenz
geradzahliger Polynome in stückweise polynomialen Flächenparametrisierungenmit Lagrange-
Elementen erklärt, dieses Verhalten beweist und seine Anwendung auf numerische Berechnun-
gen von Flächenintegralen veranschaulicht. Der gesamte Ansatz basiert auf Interpolation in
äquidistanten Knoten auf Simplizes, was ihn anfällig für das Runge-Phänomen macht und bei
hohen Ordnungen instabil werden lässt. Die vorgeschlagene HOVE-Methode beseitigt diese
Stabilitäts- undGenauigkeitsprobleme,währenddie rechnerische Effizienz beibehaltenwird.

Im letzten Teil der Arbeit präsentieren wir ein Domänendekompositionsschema, das auf jedem
Element hochgradige spektrale Approximationen verwendet und mit einem direkten hierar-
chischen Löser gekoppelt ist. Zwei Strategien ermöglichen hochgradige spektrale Operationen
auf allgemeinen triangulierten Flächen: (i) eineHyperwürfel-zu-Simplex-Umparametrisierung
und (ii) eine rautenbasierte Quadrangulierungstechnik. Diese Ansätze ermöglichen es, dass
Dreieckselemente einemitViereckselementen vergleichbare Effizienz erreichenund in hochgradige
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spektraleDomänendekompositionsmethoden integriertwerden können. Obwohl derHPS-Rahmen
ursprünglich für stationäre, lineare elliptische partielleDifferentialgleichungen entwickeltwurde,
wird er auf zeitabhängige Systeme erweitert und auf einReaktions-Diffusions-Modell vomTuring-
Typ auf statischen Flächen angewendet, um zu untersuchen, wie Geometrie, Nichtlinearitäten
und Kopplung die Musterbildung beeinflussen.

Schließlich erweiternwir denRahmen auf sich entwickelndeGeometrien, indemwir dieClosest-
Point-Projection-Methode anpassen, um zeitabhängige Flächenentwicklungen zu berücksichti-
gen. UmeineNetzdegradation, insbesondere die BildungvonDreieckenmit nahezuverschwinden-
den Innenwinkeln, zu verhindern, wird während des Deformationsprozesses eine Arbitrary-
Lagrangian–Eulerian-(ALE)-Abbildung eingesetzt. Zwei biologisch inspirierteWachstumsmod-
elle für Flächen werden untersucht, um den Einfluss von Krümmung und Flächenentwicklung
auf die Dynamik der Musterbildung zu analysieren, mit Anwendungen in der Morphogenese
und im Materialdesign.

Diese Entwicklungen treiben den Stand der hochgradigen spektralen Methoden für flächen-
basierte Berechnungen voran und liefern sowohl theoretische Erkenntnisse als auch praktische
Werkzeuge für Anwendungen in der rechnergestützten Geometrie, Physik und Biologie.
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Chapter 1

Introduction

The motivation for this work comes from surface-bound phenomena that occur across a wide
range of applications, including biological pattern formation [76], electromagnetics [90], and
fluid dynamics [114]. Modeling such phenomena often leads to partial differential equations
(PDEs) posed on surfaces. These include both steady-state problems, such as the Laplace–
Beltrami equation and Stokes-type equations, and time-dependent problems, such as diffusion,
reaction–diffusion, and Navier–Stokes equations on surfaces. Consequently, the numerical so-
lution of surface PDEs plays an essential role in the simulation and understanding of many
surface phenomena.

To solve a surface PDE numerically, the first step is to discretize the geometry. In our setting, the
surface is represented by amesh, so the geometry is given as a triangulation, where each surface
patch is locally parameterized over a simplex. Using this local parameterization, we define the
metric tensor. Then, with some basic linear algebra, we can derive the main surface differential
operators—such as the surface gradient, divergence, and the Laplace–Beltrami operator—and
write down the surface integrals that appear in variational formulations. Surface integration
itself plays a central role, forming a core component of methods including boundary integral
formulations, the finite elementmethod, surface finite element methods, and integral transform
methods.

The main challenge in computing surface integrals and surface differential operators lies in the
accurate approximation of the metric tensor. This difficulty arises because, for general surfaces,
the parameterization maps are not known analytically but are instead provided in an algorith-
mic form. While the affinemap from the reference element is known, the closest-point projection
is in general not directly available to the user. It has a closed-form expression only for special
geometries such as the sphere and the torus. However, using numerical algorithms, we can
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2 1. Introduction

project points from the reference surface to the smooth one.

To overcome this difficulty, one common approach is to replace the exact Jacobians of the surface
mapping with those of a polynomial approximation obtained through interpolation. Accurate
numerical integration requires high-order approximations of both the geometry and the inte-
grand. A natural first choice is to use high-order piecewise polynomial interpolation, typically
based on Lagrange polynomials defined on uniformly distributed points within each triangle.
However, polynomial interpolation at equidistant nodes is known to become unstable at higher
polynomial degrees due to Runge’s phenomenon. As a result, when both the geometry and the
integrand are approximated using equidistant nodes, the accuracy of the numerical integration
can deteriorate.

Low-order integration schemes are relatively straightforward. For high-order methods, how-
ever, integration over curved (triangulated) surfaces involves more than simply applying cuba-
ture rules. Accurate results require high-order representations of both the surface geometry and
the function being integrated. Therefore, the design of stable and accurate high-order numerical
integration schemes on surfaces remains an active research problem.

To meet these requirements, we develop a methodology for constructing stable, high-order sur-
face representations. This surface description is then used to derive high-order volume elements
(HOVE) for integrating scalar- and vector-valued functions over regular embedded surfaces.
Spectral differentiation techniques are employed to improve the computational efficiency of the
volume element construction. In the following, we provide an overview of the results presented
in this dissertation.

The dissertation begins with Chapter 2, which introduces the mathematical preliminaries and
notation used throughout the text. This chapter is primarily expository, providing background
material drawn from the literature, with some sections adapted and extended from [146].

Chapter 3 explores Chebyshev polynomials, a classical tool for approximating smooth func-
tions in one, two, and three dimensions. While their properties in low-dimensional settings are
well established, the chapter extends these ideas to higher dimensions. Starting from the one-
dimensional theory, it develops a general framework for d-dimensional approximation, presents
new convergence results, and discusses their relevance for numerical applications.

Chapter 4 lays the foundation for numerical methods on surfaces by examining the mathemat-
ical and geometric properties of d-dimensional regular (differentiable) surfaces embedded in
Euclidean space. It provides the theoretical background needed for the developments in later
chapters.

Chapter 5 brings together results from three studies that advance the development of higher-
order numerical integration techniques for surfaces.

• First, we investigate the error behavior of numerical integration based on piecewise poly-
nomial surface parametrizations using Lagrange elements. Our analysis reveals a dis-
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tinct difference between even and odd polynomial degrees, with even-degree elements
exhibiting superior convergence rates. We establish a theoretical explanation for this phe-
nomenon, supported by a series of numerical experiments.

• Second,wedevelop a stable high-order volume element (HOVE) construction for integrat-
ing scalar- and vector-valued functions on regular embedded surfaces. The key ingredient
is the square-squeezing transformation, whichmaps each flat triangular patch of the surface
onto a structured cubical mesh in a homeomorphic, multilinear fashion, thereby enabling
the application of Chebyshev–Lobatto interpolation for precise and efficient numerical in-
tegration.

• Third, we apply spectral differentiation techniques to compute partial derivatives of the
cubical reparametrization maps. These derivatives are used to approximate the metric
tensor on each element, significantly improving the precision and efficiency of surface
integration.

Chapter 6presents a domain decomposition framework based on spectral collocation discretiza-
tion on each element. We couple the solutions across element interfaces using Dirichlet-to-
Neumann operators in combination with a hierarchical direct solver, forming what is known
as the hierarchical Poincaré–Steklov (HPS) scheme. The chapter contributes in three main di-
rections:

• While the HPS scheme can in principle handle general geometries, earlier applications
have focused mainly on quadrilateral surface meshes. To enable its use with both triangu-
lar and quadrilateral elements, we introduce two strategies:

1. A hypercube-to-simplex reparametrization (square-squeezing) that maps flat triangula-
tions to quadrilateral patches, allowing interpolation, quadrature, and differentia-
tion to be performed on reference squares. Inspired by analytic transplantation tech-
niques [64], we further compose this reparametrization with an analytic transforma-
tion, which in practice improves spectral convergence.

2. A rhombus-based quadrilateralization strategy, which converts triangles into quadrilat-
erals while minimizing the number of elements. Compared to centroid subdivision
approaches [51], this method provides a more efficient patchwise representation.

• We conduct a detailed numerical study of a generic Turing system, exploring how domain
geometry and coupling mechanisms influence pattern formation on curved surfaces.

• Building on the quadrilateralization strategy in (2), we extend the method to PDEs on
evolving surfaces—a common setting in biology and physics where geometry changes
over time and influences pattern development. We adapt the closest point projection
method to account for time-dependent surface evolution and employ an arbitrary Lagrangian–
Eulerian (ALE) mapping to preserve mesh quality and geometric consistency. As a case
study, we examine two biologically motivated surface growth models, illustrating how
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4 1. Introduction

curvature and geometric evolution shape self-organization dynamics.
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Chapter 2

Background

This chapter presents background material for the subsequent chapters. The selection of topics
is subjective, allowing readers to skip certain sections, revisit them later, or consult the refer-
enced literature for additional details. In Section 2.1, we introduce fundamental definitions,
notation, and relevant results from functional analysis. Multivariate polynomial spaces are in-
troduced in Section 2.2, including the polynomial space corresponding to ℓp-ball index sets.
Section 2.3 introduces total variation, a key tool for measuring function smoothness in our the-
sis, which plays a crucial role in obtaining estimations in Chapter 3. An exposition on uni-
variate quadrature rules is presented in Section 2.4. Elements of this chapter are adapted from
[146].

2.1 Mathematical foundations
In this section, we introduce the definitions, notation, and foundational results that will be used
throughout this thesis. These concepts form the basis for the theoretical and computational
framework developed in the subsequent chapters.

2.1.1 Notation and preliminaries
We will use boldface letters to represent vectors and matrices. For instance, a point x in Rd or
Cd can be written as

x := (x1, . . . ,xd).

Throughout the thesis, wedenote the closed d-dimensional standardhypercube byΩd := [−1,1]d , d ≥
1, and the standard d-simplex inRd by△d := {x ∈Rd : x1, . . . ,xd ≥ 0, ∑

d
i=1 |xi| ≤ 1}. We also define

R+ := {x ∈ R : x ≥ 0}. For an open set Ω ⊆ Rd , we denote its interior by Ω̊, its closure by Ω, and
its boundary by ∂Ω := Ω\Ω.

5



6 2. Background

For vectors x,y ∈ Rd , we use ⟨x,y⟩ to denote the standard Euclidean inner product, and ∥x∥ for
the corresponding Euclidean norm.

The notationNd stands for the set of all d-tuples ααα := (α1,α2, . . . ,αd), where αi ∈N= {0,1,2, . . .}.
Such a d-tuple is called a multi-index.

Multi-index notation provides a concise and systematic way to express multi-dimensional op-
erations, which is particularly useful for defining polynomial spaces, partial derivatives, and
basis functions in higher dimensions. Given multi-indices ααα = (α1, . . . ,αd) and βββ = (β1, . . . ,βd),
we define the following componentwise operation ααα +βββ := (α1 +β1, . . . ,αd +βd), and use the
convention

ααα ≤ βββ ⇐⇒ α j ≤ β j, j = 1,2, . . . ,d.

Let 1 := (1, . . . ,1) ∈ Nd . For a scalar t ∈ R, we define ααα + t := ααα + t · 1 = (α1 + t, . . . ,αd + t) and
ααα ′ := ∏

d
j=1 α j.

Definition 1 (Product Basis). Let φ and φα be continuous functions of a single variable, and let j =

1, . . . ,d. The product basis is defined as follows:

• For a point x = (x1, . . . ,xd) ∈ Rd , the function φ(x) is given by

φ(x) :=
d

∏
j=1

φ(x j).

• For a multi-index ααα = (α1, . . . ,αd), the function φααα(x) is defined as

φααα(x) :=
d

∏
j=1

φα j(x j).

In particular, the multivariate monomial associated with the multi-index ααα is expressed as

xααα =
d

∏
j=1

xα j
j .

Definition 2. A sequence of polynomials {ψααα(xxx)}ααα∈Nd defined on the domain Ωd is called a set of or-
thogonal polynomials with respect to a positive function w(xxx) if the following orthogonality condition
is satisfied: ∫

Ωd

w(xxx)ψααα(xxx)ψβββ (xxx)dxxx = δααα,βββ cααα , ∀ααα,βββ ∈ Nd ,

where:

• w(xxx)> 0 is known as the weighting function,

• δααα,βββ denotes the Kronecker delta, and cααα > 0 is a normalization constant.

If cααα = 1 for all ααα ∈ Nd , the polynomials are said to be orthonormal.

6



2.1. Mathematical foundations 7

We define the ℓp-norm by:

∥ααα∥p :=


(
α

p
1 + · · ·+α

p
d

)1/p
, 1 ≤ p < ∞,

max1≤i≤d αi, p = ∞.
(2.1)

Definition 3 (Mixed Partial Derivative). Given a multi-index ααα = (α1, . . . ,αd) and a multivariate
function f (x), the ∥ααα∥1-th mixed partial derivative of f (provided it exists) is denoted and defined as

∂
ααα f =

∂ ∥ααα∥1 f
∂xα1

1 · · ·∂xαd
d

= ∂
α1
x1

· · ·∂ αd
xd

f ,

where ∥ααα∥1 = ∑
d
j=1 α j represents the sum of the components of the multi-index ααα .

Throughout this thesis, we adopt the standard Landau symbols for asymptotic notation, assum-
ing that g(x) ̸= 0 for all sufficiently large x:

f ∈ O(g) ⇐⇒ limsup
x→∞

| f (x)|
|g(x)|

< ∞, f ∈ o(g) ⇐⇒ lim
x→∞

| f (x)|
|g(x)|

= 0.

Definition 4. A d ×d matrix A is called an orthogonal matrix if it satisfies the condition:

AA⊤ = I,

where A⊤ denotes the transpose of A, and I is the identity matrix.

Definition 5. A function f : Ω ⊂ Rd → Rd+1 is Lipschitz continuous at xxx ∈ Ω if there is a constant C

such that
| f (yyy)− f (xxx)| ≤C|yyy− xxx|

for all yyy ∈ Ω sufficiently near xxx.

Definition 6. A mapping f : Ω → R is called bi-Lipschitz, or C-bi-Lipschitz to emphasize the constant,
if there is a constant C ≥ 1 such that

C−1|yyy− xxx| ≤ | f (yyy)− f (xxx)| ≤C|yyy− xxx|.

Definition 7. The Kronecker tensor product of two matrices AAA and BBB of dimensions p× q and r × s,
respectively, is the matrix AAA⊗BBB of dimension pr×qs with p×q block form, where the (i, j) block is ai jBBB.

Example 8. For instance, if

AAA =

(
1 2

3 4

)
and BBB =

(
a b

c d

)
,

7



8 2. Background

then

AAA⊗BBB =

(
1 ·B 2 ·B
3 ·B 4 ·B

)
=


1

(
a b

c d

)
2

(
a b

c d

)

3

(
a b

c d

)
4

(
a b

c d

)
 .

2.1.2 Banach and Hilbert spaces
Webegin by introducing the general concept of a normed vector space, which encompasses both
the Banach and Hilbert spaces as specific examples.

Definition 9 (Normed Vector Space). Let X be a vector space over R (or C). A norm on X is a map
∥ · ∥X : X → R+ satisfying:

(i) ∥x+ y∥X ≤ ∥x∥X +∥y∥X for all x,y ∈ X (triangle inequality).

(ii) ∥tx∥X = |t| · ∥x∥X for all x ∈ X and t ∈ R (or C) (homogeneity).

(iii) ∥x∥X = 0 if and only if x = 0 (positivity definiteness).

The pair (X ,∥ ·∥X) is called a normed vector space. If the map ∥ ·∥X satisfies only (i) and (ii), it is called
a semi-norm.

The space X is said to be complete if every Cauchy sequence {xn} in X , that is, ∥xn − xm∥X →
0 as n,m → ∞, converges to some x ∈ X , i.e., ∥xn − x∥X → 0 as n → ∞.

A complete normed vector space is known as a Banach space, formally defined as follows:

Definition 10. A Banach space is a normed vector space (X ,∥ ·∥X) that is complete, meaning that every
Cauchy sequence {xn} in X converges to some x ∈ X with respect to the norm ∥ · ∥X : X → R+.

Definition 11 (Lebesgue Spaces). The Banach space of all Lebesgue measurable functions with finite
Lp-norm is denoted by Lp(Ω) for 1 ≤ p ≤+∞, and is defined as:

Lp(Ω) := { f : Ω → R | ∥ f∥Lp(Ω) <+∞},

where the Lp-norm ∥ f∥Lp(Ω) : Lp(Ω)→ R+ is defined as:

∥ f∥p
Lp(Ω) :=

∫
Ω

| f |p dx, for 1 ≤ p < ∞.

In the case where p = ∞, the norm is defined as:

∥ f∥L∞(Ω) := inf{C ≥ 0 : | f (x)| ≤C for almost every x ∈ Ω}.

We use the standard definition of Sobolev spaces; see, for example, [1].

8



2.1. Mathematical foundations 9

Definition 12 (Sobolev spaces). Let k ∈ N∪{0} and p ∈ [1,∞], then the Sobolev space W k,p(Ω) is
defined by

W k,p(Ω) := {u ∈ Lp(Ω) : ∂
αααu ∈ Lp(Ω) ∀ααα with |ααα| ≤ k}. (2.2)

This space is equipped with the norm

∥u∥W k,p(Ω) := ∑
|ααα|≤k

∥∂
αααu∥Lp(Ω). (2.3)

For p = ∞, the norm is defined as:

∥u∥W k,∞(Ω) := max
|ααα|≤k

esssupx∈Ω|∂ αααu(x)|.

Definition 13 (Hilbert Space). A Hilbert space is a normed vector space (H,∥ · ∥H) over R (or C),
equipped with an inner product

⟨·, ·⟩H : H ×H → R (or C),

such that the norm is induced by the inner product:

∥ f∥H :=
√

⟨ f , f ⟩H , for all f ∈ H.

Moreover, H is complete with respect to this norm; that is, every Cauchy sequence in H converges to an
element of H.

Theorem 14. Let p = 2. Then the space L2(Ω), consisting of all Lebesgue measurable functions f : Ω →
R such that

∫
Ω
| f (x)|2 dx < ∞, is a Hilbert space. It is equipped with the inner product

⟨ f ,g⟩L2(Ω) :=
∫

Ω

f (x)g(x)dx, for all f ,g ∈ L2(Ω).

Definition 15 (Sequential Continuity). Let Ω be an open set, f : Ω → R a function, and a ∈ Ω. The
function f is said to be sequentially continuous at a if, for every sequence (xn) in Ω such that

lim
n→∞

xn = a,

it follows that
lim
n→∞

f (xn) = f (a).

We now define the space of r-times continuously differentiable functions.

Definition 16. The space of continuous functions on Ω ⊂ Rd is defined by

C0(Ω) := { f : Ω → R | f is sequentially continuous} . (2.4)

More generally, for any integer r ≥ 0, the space of r-times continuously differentiable functions on Ω is

9



10 2. Background

defined as

Cr(Ω) :=
{

f ∈C0(Ω)
∣∣ ∂

ααα f ∈C0(Ω) for all multi-indices ααα ∈ Nd with ∥ααα∥1 ≤ r
}
. (2.5)

Theorem 17 (Completeness of Cr(Ω)). Let 0 ≤ r < ∞, and let Ω be compact. If Cr(Ω) denotes the
space of functions whose partial derivatives up to order r extend continuously to Ω, thenCr(Ω), endowed
with the norm

∥ f∥Cr(Ω) = ∑
ααα∈Nd

∥ααα∥1≤r

sup
x∈Ω

|∂ ααα f (x)| , (2.6)

is a Banach space; see, for example, [20].

Definition 18. The space of smooth functions C∞(Ω) is defined as the limit of the Cr(Ω) spaces,

C∞(Ω) :=
⋂
r∈N

Cr(Ω). (2.7)

Furthermore, we define the space of compactly supported smooth functions C∞
c (Ω) as follows:

C∞
c (Ω) := {φ ∈C∞(Ω) : supp(φ)⊂⊂ Ω}. (2.8)

Here, we would like to distinguish between C∞ functions and analytic functions. Although
both C∞ and analytic functions possess infinitely many derivatives, analytic functions have the
additional characteristic that their Taylor series at each point converges to the function within
some neighborhood. More precisely, following the standard definition in [123]:

Definition 19 (Analytic functions). Let Ω⊂Cd be an open set, zzz0 = (z01, . . . ,z0d)∈Ω, and f : Ω→C.
A function f is analytic at zzz0 if f has a power series expansion valid in a neighborhood of zzz0. This means
that there exists an ε > 0 and a power series

∑
ααα∈Nd

cααα(z1 − z01)
α1 · · ·(zd − z0d)

αd ,

that converges in B(zzz0,ε) = {zzz ∈ Cd : ∥zzz− zzz0∥< ε} and satisfies

f (zzz) = ∑
ααα∈Nd

cααα(z1 − z01)
α1 · · ·(zd − z0d)

αd ,

for all zzz ∈B(zzz0,ε). A function f is analytic on a set Ω ⊂ Cd if f is analytic at each zzz0 ∈ Ω.

Example 20. Consider the function f : R→ R defined by:

f (x) =

 1
e1/x , if x > 0,

0, if x ≤ 0.

10



2.2. Multivariate polynomial spaces 11

This function isC∞(R) but not analytic. It fails to be analytic at x = 0 because the Taylor series expansion
around x= 0 does not converge to f (x). Specifically, while all derivatives of f at x= 0 vanish, the function
f (x) is nonzero for x > 0.

We now introduce the concept of the Bernstein ellipse, a standard tool in approximation theory
[133].

Definition 21. The Bernstein ellipse Eρ is defined by:

Eρ :=
{

z ∈ C | z =
1
2
(
u+u−1) , |u|= ρ > 1

}
, (2.9)

which has the foci at ±1 with the major and minor semi-axes given by 1
2

(
ρ +ρ−1

)
and 1

2

(
ρ −ρ−1

)
,

respectively. A natural extension of the Bernstein ellipse Eρ to Cd is the polyellipse:

Eρ :=
d⊗

j=1

Eρ j . (2.10)

Figure 2.1: Bernstein ellipses for ρ = 1,1.2, . . . ,1.5, illustrating the variation of ellipse shapes as
ρ increases.

2.2 Multivariate polynomial spaces

We consider the real polynomial vector spaces of degree n ∈ N defined over the d-dimensional
Euclidean space. More precisely:

Definition 22. Let {xααα}ααα∈Nd denote the set of monomials, where xααα =∏
d
i=1 xαi

i , with x∈Rd andααα ∈Nd .
The monomials are ordered according to the lexicographic order ⪯ on multi-indices.

A polynomial space of total degree at most n ∈N is defined as the span of all monomials with total degree
at most n:

Πd,n := span{xααα : ∥ααα∥1 := α1 +α2 + · · ·+αd ≤ n}.

11



12 2. Background

More generally, a set of polynomials {bααα}ααα∈Nd ⊆ Πd,n is called a polynomial basis if:

Πd,n = span{bααα : ∥ααα∥1 ≤ n}.

The restriction of the polynomial space to a domain Ωd ⊆ Rd is denoted as:

Πd,n(Ωd) := {Q|Ωd : Q ∈ Πd,n}.

We define multivariate polynomial spaces associated with ℓp-ball index sets in Nd , where the
multi-indices are constrained by the ℓp-norm, with 1 ≤ p ≤ ∞. These spaces generalize the con-
cept of polynomial degree under different norm constraints.

Definition 23. The polynomial space corresponding to ℓp-ball index set is defined asΠd,n,p := span{xααα}ααα∈Ad,n,p

where Ad,n,p is defined as
Ad,n,p = {ααα ∈ Nd : ∥ααα∥p ≤ n}, 1 ≤ p ≤ ∞. (2.11)

Note that the index set (2.11) is a downward closed set 1, encompassing several important index
sets as specific cases. For instance, the total, Euclidean, and maximal degrees of a multivariate
polynomial up to degree n correspond to p = 1,2,∞ in equation (2.11), respectively. To illustrate
the distribution of interpolation points within Ad,n,p, we present in Figure 2.2 the index set Ad,30,p

for d = 2 and three different values of p.

Figure 2.2: The index set Ad,30,p for p = 1 (left), p = 2 (middle), and p = ∞ (right) in dimension
d = 2.

Note that the cardinality of the index set is monotonically increasing in p,

Lemma 24. Let ∥ααα∥p be defined in equation (2.1). For 1 ≤ a ≤ b ≤ ∞ and ααα ∈ Nd , we have

∥ααα∥a ≤ d
1
a−

1
b ∥ααα∥b. (2.12)

Moreover, this inequality is optimal in the sense that there is no smaller constant such that it still holds
for all ααα ∈ Nd .

Proof. In the case a = b = ∞, the bound is trivial. There is nothing to show if ααα = 0 so we may
1A set Λ is labelled downward closed if ννν ∈ Λ whenever there exists µµµ ∈ Λ such that ννν ≤ µµµ.
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2.2. Multivariate polynomial spaces 13

assume ααα ̸= 0. Moreover, if b = ∞ and 1 ≤ a < ∞, we have

∥ααα∥a
a =

d

∑
j=1

|α j|a ≤ d∥ααα∥a
∞.

For 1 ≤ a ≤ b < ∞, we can use Hölder’s inequality with r = b/a ≥ 1 and s ≥ 1 with 1
r +

1
s = 1, i.e.,

with s = b/(b−a), to derive

∥ααα∥a
a =

d

∑
j=1

|α j|a ≤

(
d

∑
j=1

1s

)1/s( d

∑
j=1

|α j|ar

)1/r

= d1−a/b∥ααα∥a
b.

Taking the ath root yields the desired result. The constant is the best possible because we have
equality in the right-hand side of equation (2.12) for the vector ααα = (1, . . . ,1)T .

Remark 25. We emphasize that the multivariate polynomials associated with the ℓp ball index set in Nd

defined in equation (2.11), can be generalized to the range 0 < p ≤ ∞. Additionally, Lemma 24 will take
the form

∥ααα∥b ≤ ∥ααα∥a ≤ d
1
a−

1
b ∥ααα∥b,

where the case 0 < a < 1 is covered by reversed Hölder’s inequality [70, Theorem 13.6]. An example of
the index set Ad,30,p for 0 < p < 1 is illustrated in Figure 2.3.

Figure 2.3: The index set Ad,30,p for p = 1/2 (left), and p = 1/3 (right) in dimension d = 2.

In contrast to the common total-degree polynomial space, which corresponds to the ℓ1 ball index
set (also known as the full polynomial space), we focus on the vector space of all real polynomi-
als associated with the ℓ∞ ball index set. For the rest of this work, we will restrict our attention
exclusively to this space, denoted by

Πd,n = Πd,n,∞ = span{xααα}ααα∈Ad,n , Ad,n = Ad,n,∞

i.e. the space of multivariate polynomials of degree at most n in each variable separately.

13



14 2. Background

2.3 Total variation
A common approach to measure the smoothness of a function is through Vf , the total variation,
which can be intuitively understood as the cumulative length of the monotone segments of f .
This concept was introduced by Jordan in the late nineteenth century andwas primarily studied
in the context of Fourier series [78, 79]. For a one-dimensional function we have:

Definition 26 (Bounded variation). For a function f : [a,b]→R, we define the total variation of f on
the interval [a,b] by

Vf := sup

{
n

∑
i=1

| f (xi)− f (xi−1)| : a = x0 ≤ x1 ≤ ·· · ≤ xn = b for some n ∈ N

}

If Vf < ∞, we say that f is of bounded variation, and we define

BV([a, b]) := { f : [a, b]→ R : f has bounded variation on [a, b]} .

Before moving on to the generalizations of variation in Ωd , it is useful to review some key con-
cepts regarding the relationship between bounded variation and absolutely continuous func-
tions, as well as the link between absolute continuity and derivatives. Let’s first recall the defi-
nition of an absolutely continuous function:

Definition 27. Let I be an interval. A function f : I →R is absolutely continuous on I if for each ε > 0,
there exists δ > 0 such that

n

∑
i=1

| f (di)− f (ci)|< ε

whenever {[ci,di] : 1 ≤ i ≤ n} is a finite collection of non-overlapping intervals in I and

n

∑
i=1

(di − ci)< δ .

Theorem 28. If a function f is absolutely continuous on the interval [a,b], then f ∈ BV([a, b]) .

Proof. See [61].

When the derivative of a continuous function f is bounded, we can conclude that f is absolutely
continuous. This provides a tool for showing that a function is absolutely continuous, and thus
of bounded variation.

Theorem 29 (Bounded derivative implies absolute continuity). If f is continuous on [a,b] and f ′

exists and is bounded on (a,b), then f is absolutely continuous on [a,b]; see [61].

In particular, functions of bounded variation are differentiable almost everywhere [4] and sat-
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2.3. Total variation 15

isfy ∫ b

a

∣∣∣∣d f
dx

∣∣∣∣dx ≤Vf . (2.13)

Moreover, if f is absolutely continuous, we have equality

Vf = sup
Y

n

∑
i=1

| f (ai+1)− f (ai)|= sup
Y

n

∑
i=0

∣∣∣∣∫ xi+1

xi

f ′(x)dx
∣∣∣∣≤ sup

Y

n

∑
i=0

∫ xi+1

xi

∣∣ f ′(x)∣∣ dx =
∫ b

a

∣∣ f ′(x)∣∣ dx,

whereY is collection of ordered (n+1)-ples of points a= x0 ≤ x1 ≤ ·· ·≤ xn = b, n∈N in [a,b].

There are examples illustrating the interplay between differentiability and variation.

Example 30. Consider the function f (x) = xsin(x−1) for x ∈ (0,1]. The function is differentiable but
has unbounded variation. On the other hand, discontinuous functions, like the indicator functions of
intervals, can possess bounded variation.

In one dimension, the concept of bounded variation is well-defined and straightforward. How-
ever, in higher dimensions, various generalizations exist, each preserving different properties of
univariate functions of bounded variation. We first recall the Hardy–Krause variation [2, 101],
and then introduce the Chebyshev-weighted directional variation used in the interpolation es-
timates of Chapter 3.

Following [2], we begin by recalling the definition of the Vitali variation.

Definition 31. The Vitali variation of a smooth function f : Ωd −→ R

VV
( f ;Ωd)

:=
∫

Ωd

∣∣∣ ∂ d f
∂x1 . . .∂xd

∣∣∣dx1 . . .dxd . (2.14)

If VV
( f ;Ωd)

< ∞, we say that the function f is of bounded variation in the sense of Vitali.

equation (2.14) holds whenever the indicated partial derivative is continuous on Ωd .

If we fix d = 2, then equation (2.14) takes the form

VV
( f ;[−1,1]2) =

∫
[−1,1]2

∣∣∣ ∂ 2 f
∂x1∂x2

∣∣∣dx1dx2 (2.15)

Note that a function of bounded variation in the sense of Vitali2 can still be quite wild, because
there exist many nonconstant functions f on Ωd whose Vitali variation is zero.

Example 32. The Vitali variation fails to capture the variation of polynomials with low degrees. For
instance, the function f : Ωd → R, f (x) = ∑

d
i=1 xi satisfies VV

( f ;Ωd)
= 0 for d ≥ 2.

One very straightforward way to avoid this problem is to just add the lower-dimensional Vitali-
variations of the function, as the Hardy–Krause variation does. This definition recaptures the
2Note first that when d = 1, Vitali variation is simply total variation (Definition 26), since the rectangles in this case
are intervals.
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16 2. Background

notion ofVitali andHardy–Krause [2, 101]. That is, the sumof theVitali variations of f restricted
to each face of [−1,1]d anchored to x = 1d := (1, · · · ,1). In higher dimensions, the Hardy-Krause
variation may be defined in terms of the integral of partial derivatives;

Definition 33. The variation of a smooth function f on Ωd in the sense of Hardy-Krause anchored at
x = 1d is

V HK
( f ;Ωd)

:=
d

∑
k=1

∑
1≤i1<···<ik≤d

V (k)( f ; i1, . . . , ik), (2.16)

where
V HK
( f ;i1,...,ik) :=

∫
Ωk

∣∣∣∣ ∂ k f
∂xi1 · · ·∂xik

∣∣∣∣
x j=1, j ̸=i1,...,ik

dxi1 · · ·dxik , (2.17)

represents the variation of the projection of k−variables. If V HK
( f ;Ωd)

< ∞, we say that the function f is of
bounded variation in the sense of Hardy-Krause.

Combining equation (2.16) and equation (2.17), we obtain

V HK
( f ;Ωd)

=
∫

Ωd

∣∣∣ ∂ d f
∂x1 . . .∂xd

∣∣∣dx1 . . .dxd +
d

∑
i=1

V HK
f (i)1

(2.18)

in which f (i)1 is the restriction of the function f to the boundary xi = 1. Since these restrictions
are functions of d − 1 variables, equation (2.18) is recursive. For d = 2, then equation (2.18)
takes the form

V HK
( f (x1,x2);[−1,1]2) =

∫
[−1,1]2

∣∣∣ ∂ 2 f
∂x1∂x2

∣∣∣dx1dx2 +
∫ 1

−1

∣∣∣∂ f (·,y0)

∂x1

∣∣∣dx1 +
∫ 1

−1

∣∣∣∂ f (x0, ·)
∂x2

∣∣∣dx2, (2.19)

for x0 andy0 ∈ [−1,1]. In other words, a smooth function is said to be of bounded variation on
[−1,1]2 in the sense of Hardy-Krause, if f (·,y0), f (x0, ·) are of bounded variation in the sense of
Definition 26.

Definition 34 (Chebyshev-weighted rth-order directional variation). Let r ∈ N0 and let f : Ωd →
R. For d = 1, set

Vf ,r :=V
(

f (r); [−1,1]
)
,

where V (·; [−1,1]) denotes the one-dimensional total variation from Definition 26. For d ≥ 2 and i =

1, . . . ,d, write
x̂i = (x1, . . . ,xi−1,xi+1, . . . ,xd), ω

(i)
d−1(x̂i) := ∏

j ̸=i

1√
1− x2

j

.

Assume that, for almost every x̂i ∈ [−1,1]d−1, the one-dimensional function

xi 7−→ ∂
r
xi

f (x1, . . . ,xi, . . . ,xd)
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2.4. Univariate quadrature rules 17

is of bounded variation on [−1,1]. We define the directional variations

V (i)
f ,r :=

1
πd−1

∫
[−1,1]d−1

V
(

∂
r
xi

f (·, x̂i); [−1,1]
)

ω
(i)
d−1(x̂i)dx̂i, (2.20)

and set
Vf ,r := max

1≤i≤d
V (i)

f ,r . (2.21)

We say that f has bounded Chebyshev-weighted rth-order directional variation whenever Vf ,r < ∞. If f

is sufficiently smooth, then

V (i)
f ,r =

1
πd−1

∫
Ωd

∣∣∂ r+1
xi

f (x)
∣∣∏

j ̸=i

1√
1− x2

j

dx. (2.22)

Thus this variation is an axiswise, Chebyshev-weighted analogue of the one-dimensional quantity used
in Chebyshev coefficient estimates. It is not the full Hardy–Krause variation; rather, it is the minimal
directional quantity needed for the max-index estimates in Chapter 3.

2.4 Univariate quadrature rules
Let f ∈C0([−1,1])∩L1([−1,1]). We consider the integral

I[ f ] :=
∫ 1

−1
f (x)dx. (2.23)

A quadrature rule approximates this integral by a weighted sum of function evaluations:

QQQ1
n[ f ] := ∑

p∈P
ωp f (p), (2.24)

where P is the set of quadrature nodes, and the nonzero constants ωp are the corresponding
weights. We briefly review standard univariate quadrature rules, which will be used in Sec-
tion 3.8.1 for tensor-product integration in multiple dimensions. These rules are typically de-
fined on the reference interval [−1,1] or [0,1], and can be mapped to other domains as needed.
The most commonly used examples include:

Newton–Cotes rules
These rules use uniformly spaced points over the interval [a,b]. While easy to implement, they
suffer from limited accuracy, especially for high-degree polynomials. For many integrands f ,
even if analytic, the Newton–Cotes rules can diverge exponentially as the number of points
increases. As such, they are rarely used for high-precision integration.

Gauss quadrature
Gauss quadrature, introduced by Gauss [53], achieves high accuracy by choosing the nodes
{p j} as the roots of orthogonal polynomials of degree n+1, and by assigning optimal positive
weights {w j}.

17



18 2. Background

Gauss–Legendre rules: In this case, the nodes are chosen as the roots of the Legendre polyno-
mial of degree n+1. The resulting quadrature formula is exact for all polynomials of degree up
to 2n+1 and performs exceptionally well in practice.

Clenshaw–Curtis rule
The Clenshaw–Curtis formula [35] integrates the degree n polynomial interpolant through
n+1 Chebyshev points. These points correspond to the extreme values of the Chebyshev poly-
nomials of the first kind. The abscissas are nested, computationally efficient, and are given
by:

p j =
1
2

(
1− cos

(
π j

n+1

))
, j = 1, . . . ,n.

The weights are determined by the interpolatory conditions. For odd n, one obtains:

ω j =
2

n+1
sin
(

π j
n+1

) (n+1)/2

∑
i=1

1
2i−1

sin
(
(2i−1)π j

n+1

)
.

Generalized Quadrature rules
For integrands containing singularities, the integral can be expressed as:

f (x) = ξ (x)g(x),

where ξ (x) is a known positive weight function. In such cases:
∫ 1

−1
f (x)dx =

∫ 1

−1
ξ (x)g(x)dx ≈

n

∑
j=0

ω jg(p j).

The quadrature points {p j} are the roots of polynomials orthogonalwith respect to theweighted
scalar product:

⟨g,h⟩ξ :=
∫ 1

−1
ξ (x)g(x)h(x)dx.

Examples include:

• Gauss–Chebyshev rules: For ξ (x) = 1√
1−x2 on [−1,1].

• Gauss–Jacobi rules: For ξ (x) = (1− x)α(1+ x)β with parameters α,β >−1.

Remark 35. For piecewise polynomial integrands, as in finite element methods, composite rules combine
scaled Gauss rules. In particular, Gauss–Lobatto rules include boundary points p0 = a and pn = b,
ensuring continuity across subdomains.

A fundamental concept in constructing quadrature formulas is the requirement of exactness for
a specific class of functions. Typically, for integration over an interval, this class consists of

18



2.4. Univariate quadrature rules 19

polynomials up to degree n. The quadrature formula is then designed to produce the exact
integral of the polynomial that interpolates the given data points { f (p j)}n

j=0 .

However, Trefethen [134] demonstrates that the principle of exactness does not necessarily en-
sure high accuracy in practice. In particular, the Newton–Cotes, Clenshaw–Curtis, and Gauss
quadrature formulas on [−1,1] do not always achieve the expected accuracy despite satisfying
the exactness condition.
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Chapter 3

Interpolation and integration
in the hypercube

“Among all polynomials, the Chebyshev ones know how to dance with error.”

—Numerical analysis folklore

Chebyshev polynomial-based approximation methods are widely used in numerical computa-
tions involving functions of one, two, or three real variables [41, 67, 130]. These methods are
supported by a robust theoretical foundation and a rich collection of practical algorithms [41].
While substantial progress has been made in low-dimensional settings, extending these meth-
ods to higher-dimensional spaces remains an active area of research. In this chapter, we explore
how Chebyshev approximation principles can be generalized to d-dimensional settings.

To ensure a clear progression of ideas, we first revisit the one-dimensional case. In Sections 3.1,
3.2, and 3.4, we provide a detailed discussion on univariate Chebyshev polynomials and their
convergence results, following the approach of Trefethen [133]. This serves as a conceptual
foundation for understanding higher-dimensional extensions. Building on this, Section 3.5 ex-
tends the methodology to multivariate settings, deriving convergence results and examining
their theoretical and numerical implications for differentiable and analytic functions in Subsec-
tions 3.6 and 3.7, respectively. The transformed Chebyshev approximation under analytic maps
is discussed in Subsection 3.7.1. The results presented in Section 3.5 have been published in
[146]. In Section 3.8, we provide an overview of key aspects in the approximation of multivari-
ate integrals. This is followed by a discussion of tensor-product integration methods and their
convergence properties in Sections 3.8.1 and 3.8.2.
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22 3. Interpolation and integration in the hypercube

3.1 Chebyshev polynomials
Chebyshev polynomials are an important family of orthogonal polynomials in numerical anal-
ysis and scientific computing [52, 94, 133]. We begin by introducing the method in its one-
dimensional form that was originally outlined in Trefethen [133].

For j ≥ 0 the Chebyshev polynomial of degree j is denoted by Tj(x) and is given by:

Tj(x) = cos
(

j cos−1 x
)
, x ∈ [−1,1]. (3.1)

Chebyshev polynomials are orthogonal with respect to a weighted inner product, i.e.,

∫ 1

−1

Ti(x)Tj(x)√
1− x2

dx =


π, if i = j = 0,

π/2, if i = j ≥ 1,

0, if i ̸= j,

and as a consequence [105, Section 11.4] satisfy a 3-term recurrence relation [97, 18.9(i)],

Tj+1(x) = 2xTj(x)−Tj−1(x), j ≥ 1,

with T1(x) = x and T0(x) = 1. Chebyshev polynomials provide an efficient basis for representing
polynomials on intervals, forming the foundation for a variety of numerical algorithmsdesigned
to work with functions of a single real variable.

3.2 Chebyshev polynomial interpolants and projections
The problem of determining optimal interpolation points is closely related to the Chebyshev
minimal-amplitude theorem, stated as follows [18]:

Theorem 36 (Chebyshev minimal-amplitude property). Let N ≥ 1. Among all monic polynomials
p of degree N, the polynomial 21−NTN has minimal maximum absolute value on [−1,1]. Equivalently,

∥p∥C0([−1,1]) ≥ ∥21−NTN∥C0([−1,1]) = 21−N .

In particular, if x1, . . . ,xN ∈ [−1,1] are interpolation nodes, then their monic nodal polynomial satisfies

max
x∈[−1,1]

∣∣∣∣∣ N

∏
j=1

(x− x j)

∣∣∣∣∣≥ 21−N ,

with equality for the zeros of TN .

This theoremexplainswhyChebyshev-distributed points are natural for interpolation: the zeros
of TN minimize the leading nodal error factor when the interpolation nodes are unconstrained.

22



3.2. Chebyshev polynomial interpolants and projections 23

In this thesis, we use the closely related Chebyshev–Lobatto points because they include the
endpoints of the interval and are therefore convenient for piecewise interpolation and spectral
differentiation.

Let n be a positive integer, and let {xchebj }0≤ j≤n denote the set of n+1 Chebyshev–Lobatto points,
defined by

Chebn :=
{

xchebj := cos
( jπ

n

)
: 0 ≤ j ≤ n

}
. (3.2)

These points are the extrema of the Chebyshev polynomial Tn, or equivalently the zeros of
(1− x2)T ′

n(x) including the endpoints. They are often referred to as Chebyshev extreme points
or Chebyshev points of the second kind. One of their key benefits becomes apparent when ex-
tendingChebyshev polynomials to piecewise polynomial interpolation: since the points include
both endpoints of the interval, they facilitate seamless concatenation of interpolants across ad-
jacent intervals. For a visual representation, the distribution of Chebyshev–Lobatto points is
illustrated in Figure 3.1.

Figure 3.1: Chebyshev points xchebj ∈ [−1,1] (blue) for degree n = 20, along with equidistant
auxiliary construction points (red) on the semicircle.

Given a set of data { f j}0≤ j≤n, there is a unique polynomial QG1,n f of degree at most n such that
QG1,n f (xchebj )= f j for 0≤ j ≤ n. The polynomialQG1,n fn is referred to as theChebyshev interpolant
of f of degree n. If { f j}0≤ j≤n are data from a continuous function f : [−1,1]→Cwith f (xchebj )= f j

for 0 ≤ j ≤ n, then [133, Theorems 15.1 and 15.2]

∥ f −QG1,n f∥C0([−1,1]) ≤
(

2+
2
π

log(n+1)
)
∥ f −Qbest

G1,n
f∥C0([−1,1]), (3.3)

23



24 3. Interpolation and integration in the hypercube

where Qbest
G1,n

f is the best minimax polynomial1 approximant to f of degree at most n. Chebyshev
interpolation is quasi-optimal [24] for polynomial approximation since for any set of n+1 points
on [−1,1] there is a continuous function f such that

∥ f −QG1,n f∥C0([−1,1]) ≥
(

1.52125+
2
π

log(n+1)
)
∥ f −Qbest

G1,n
f∥C0([−1,1]).

The polynomial interpolant, QG1,n f , can be represented as a Chebyshev series,

QG1,n f (x) =
n

∑
j=0

c jTj(x). (3.4)

The coefficients c0, . . . ,cn can be numerically computed from the data f0, . . . , fn in O(n logn) op-
erations by the discrete Chebyshev transform, which is equivalent to the DCT-I (type-I discrete
cosine transform) [54]. A further approximation to f is its Chebyshev projection, obtained by
truncating the Chebyshev series after n+1 terms.

If f is Lipschitz continuous, then it admits an absolutely and uniformly convergent Chebyshev
expansion [133, Theorem 3.1] given by

f (x) =
∞

∑
j=0

a jTj(x),

where the coefficients {a j} j≥0 are defined by the integrals

a j =
2
π

∫ 1

−1

f (x)Tj(x)√
1− x2

dx, j ≥ 0. (3.5)

and with 2/π replaced by 1/π in (3.5) if j = 0. The Chebyshev expansion for f can be truncated
to construct T f ,n as

T f ,n(x) =
n

∑
j=0

a jTj(x). (3.6)

The approximation errors ∥ f −T f ,n∥C0([−1,1]) and ∥ f −QG1,n f∥C0([−1,1]) decay at the same asymp-
totic rate since the coefficients {c j} j≥0 in equation (3.4) are related to {a j} j≥0 in equation (3.6)
by an aliasing formula [133, Theorem 4.2]. As a general rule, Chebyshev projections tend to be
more convenient for theoretical work, while Chebyshev interpolants are often faster to compute
in practice.
1In one variable a continuous real-valued function defined on an interval has a best minimax polynomial approx-
imation [105, Theorem 1.2], that is unique [105, Theorem 7.6]. In the multivariate case a continuous function
f : Ωd →R also has a best minimax polynomial approximation, but it is not guaranteed to be unique. Nonunique-
ness is a direct consequence of Haar’s Unicity Theorem [32, Section 5].
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3.3. Convergence behavior in Chebyshev approximation 25

3.3 Convergence behavior in Chebyshev approximation
In the univariate case, it is well known that the approximation error in Chebyshev expansions
decays algebraically for differentiable functions and exponentially for analytic functions. This
behavior can be summarized by the following statements:

Theorem 37 (Convergence for differentiable functions). For an integer r ≥ 1, let f and its deriva-
tives through f (r−1) be absolutely continuous on [−1,1] and suppose the rth derivative f (r) is of bounded
total variation Vf ,r. Then, for n > r,

∥ f −T f ,n∥C0([−1,1]) ≤
2Vf ,r

πr(n− r)r ,

∥ f −QG1,n f∥C0([−1,1]) ≤
4Vf ,r

πr(n− r)r .

Proof. See [133, Theorem 7.2].

Theorem 38 (Convergence for analytic functions). Let a function f be analytic on [−1,1] and ana-
lytically continuable to the open Bernstein ellipse Eρ , where it satisfies | f | ≤ M < ∞. Then, for n ≥ 0,

∥ f −T f ,n∥C0([−1,1]) ≤
2Mρ−n

ρ −1
,

∥ f −QG1,n f∥C0([−1,1]) ≤
4Mρ−n

ρ −1
.

Proof. See [133, Theorem 8.2].

Theorems 37 and 38 suggest that QG1,n f and T f ,n have essentially the same asymptotic approxi-
mation power.

Theorem 39 (Converse Theorem 38). Suppose f is a function on [−1,1] for which there exist poly-
nomial approximations {QG1,n f} satisfying

∥ f −QG1,n f∥C0([−1,1]) ≤ Mρ
−n, n ≥ 0

for some constants ρ > 1 and M > 0. Then f can be analytically continued to an analytic function in the
open Bernstein ellipse Eρ .

Proof. See [133, Theorem 8.3].
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26 3. Interpolation and integration in the hypercube

3.4 Advantages of Chebyshev interpolation
Chebyshev polynomials are closely related to the Fourier and Laurent bases. For x ∈ [−1,1],
define θ = cos−1 x and z = eiθ . Then, for j ≥ 0, the jth Chebyshev polynomial satisfies

Tj(x) = ℜ

(
ei jθ
)
=

z j + z− j

2
,

where ℜ denotes the real part of a complex function. It follows that the following relations
hold:

∞

∑
j=0

α jTj(x)︸ ︷︷ ︸
Chebyshev

=
∞

∑
j=0

α jℜ

(
ei jθ
)

︸ ︷︷ ︸
even Fourier

= α0 +
∞

∑
j=−∞

j ̸=0

α| j|

2
z j

︸ ︷︷ ︸
Laurent

,

where the series are assumed to converge uniformly and absolutely.

As summarized in Table 3.1, a Chebyshev expansion of a function on [−1,1] can be viewed as a
Fourier series of an even function on [−π,π]. This can further be interpreted as a palindromic
Laurent expansion on the unit circle for a function satisfying f (z) = f (z−1), where z−1 denotes
the complex inverse of z. Just as the Fourier basis is natural for representing periodic functions,
Chebyshev polynomials are a natural basis for functions on [−1,1].

Series Assumptions Setting Interpolation points
Chebyshev none x ∈ [−1,1] Chebyshev points
Fourier f (θ) = f (−θ) θ ∈ [−π,π] equispaced points
Laurent f (z) = f (z−1) z ∈ unit circle roots of unity

Table 3.1: Fourier, Chebyshev, and Laurent series are closely related. Each representation can be
converted into the other by a change of variables. Under this transformation, Cheby-
shev points, equispaced points, and roots of unity are interconnected.

One reason these connections are important is that they enable the discrete Chebyshev trans-
form, which converts n+1 values at Chebyshev points to the Chebyshev coefficients of QG1,n f in
equation (3.4), to be computed via the fast Fourier transform (FFT) [54]. The scope of Cheby-
shev polynomial interpolation is not limited to univariate applications. A tensor-based exten-
sion can handle the multivariate case.

3.5 Multivariate Chebyshev approximation in the hypercube
In this section, we focus on interpolation over tensorial grids, which form the basis for defining
multivariate interpolation operators. These grids facilitate the extension of univariate interpola-
tion methods, such as Lagrange and Newton interpolation, to multidimensional settings.

Definition 40 (Interpolation grid). For numbers d,n ∈ N let P1, . . . ,Pd ⊆ [−1,1] be sets of size |Pi|=
n+1 each. We call Gd,n =

⊗d
i=1 Pi an interpolation grid. For any multi-index ααα ∈ Ad,n we denote with

pααα = (pα1,1, . . . , pαd ,d) ∈ Gd,n, pαi,i ∈ Pi, the corresponding grid node of Gd,n.
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3.5. Multivariate Chebyshev approximation in the hypercube 27

(a) d = 2 (b) d = 3

Figure 3.2: A visualization of Chebyshev–Lobatto points Chebd,n (blue dots) for degree n = 8
and d = 2 (left) and d = 3 (right).

We use such a grid to define the corresponding interpolation operator QGd,n : C0(Ωd) → Πd,n,
f 7→ QGd,n f , uniquely determined by QGd,n f (pααα) = f (pααα) for all pααα ∈ Gd,n. For an explicit repre-
sentation, we generalize one-dimensional Lagrange and Newton interpolation to multivariate
interpolation on the grids Gd,n [36, 68, 69].

Definition 41 (Lagrange and Newton polynomials). Let Gd,n =
⊗d

i=1 Pi be an interpolation grid
indexed by a multi-index set Ad,n. For each ααα ∈ Ad,n the tensorial multivariate Lagrange polynomial is

Lααα(x) =
d

∏
i=1

lαi,i(x) , l j,i(x) =
n

∏
k=0,k ̸= j

xi − pk,i

p j,i − pk,i
. (3.7)

The ααα-th tensorial multivariate Newton polynomial is

Nααα(x) =
d

∏
i=1

αi

∏
j=0

(xi − p j,i) , p j,i ∈ Pi . (3.8)

Both the Lagrange and Newton polynomials form bases of the polynomial space Πd,n induced
by Ad,n. As the Lααα satisfy Lααα(pβββ ) = δααα,βββ for all ααα ∈Ad,n, pβββ ∈Gd,n we deduce that given a function
f : Ωd → R, the interpolant QGd,n f ∈ Πd,n can be computed as

QGd,n f = ∑
ααα∈Ad,n

f (pααα)Lααα = ∑
ααα∈Ad,n

bαααNααα , (3.9)

where the coefficients bααα ∈ R of the Newton interpolation can be computed in closed form.
While Lagrange interpolation is primarily of theoretical interest, the Newton form allows effi-
cient and stable evaluations of QGd,n f at any point x ∈ Ωd . Alternatively, barycentric (tensorial)
Lagrange interpolation provides efficient realisations [13].

The stability of polynomial interpolation is quantified by the Lebesgue constant, defined as the
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28 3. Interpolation and integration in the hypercube

operator norm of the interpolation operator

QGd,n : C0(Ωd)→ Πd,n.

given by

Λ(Gd,n) := ∥QGd,n∥C0(Ωd) = sup
g∈C0(Ωd)\{0}

∥QGd,ng∥C0(Ωd)

∥g∥C0(Ωd)

=
∥∥∥ ∑

ααα∈Ad,n

|Lααα |
∥∥∥

C0(Ωd)
. (3.10)

Equivalently, Λ(Gd,n) measures how much interpolation can amplify perturbations in the data
and the error of best polynomial approximation. In particular,

∥ f −QGd,n f∥C0(Ωd) ≤
(
1+Λ(Gd,n)

)
inf

p∈Πd,n
∥ f − p∥C0(Ωd).

Thus, small Lebesgue constants are desirable, since they imply that the interpolation error
remains close to the best achievable polynomial approximation error. In the case of a one-
dimensional interpolation domain [−1,1] and the Chebyshev–Lobatto grid (3.2), the Lebesgue
constant Λ(Chebn) increases slowly as n → ∞,

Λ(Chebn) =
2
π

(
log(n+1)+ γ + log(8/π)

)
+O(1/n2) , (3.11)

where γ ≈ 0.5772 is the Euler–Mascheroni constant, see [12], surveyed by [25], see also [133].
We extend this estimate to the d-dimensional case:

Theorem 42. The Lebesgue constant of the d-dimensional Chebyshev–Lobatto grid

Chebd,n =
d⊗

i=1

Chebn

satisfies
Λ(Chebd,n) = Λ(Chebn)

d ∈ O
(
log(n+1)d).

Proof. We consider the tensorial Lagrange polynomials Lααα(x) = ∏
d
i=1 lαi,i(xi) in the Chebyshev–

Lobatto nodes, with l j,i given in (3.7) and obtain

Λ(Chebd,n) =

∥∥∥∥∥ ∑
ααα∈Ad,n

|Lααα |
∥∥∥

C0(□d)

∥∥∥∥∥≤
∥∥∥∥∥ ∑

ααα∈Ad,n

d

∏
i=1

|lαi,i|

∥∥∥∥∥
C0(□d)

(3.12)

=

∥∥∥∥∥( n

∑
j=0

|l j,1|
)
· · ·
( n

∑
j=0

|l j,l|
)
· · ·
( n

∑
j=0

|l j,d |
)∥∥∥∥∥

C0(□d)

, 1 < l < d

≤
d

∏
i=1

∥∥∥∥∥ n

∑
j=0

|l j,i|

∥∥∥∥∥
C0(□d)

=
d

∏
i=1

Λ(Chebn) .

With (3.11), this yields Λ(Chebd,n)≤ Λ(Chebn)
d ∈ O(log(n+1)d).

28



3.5. Multivariate Chebyshev approximation in the hypercube 29

Moreover, using Markov brothers’ inequality [121], we can establish a bound on the Lebesgue
constant in the W k,∞-norm. Beginning with the W 1,∞-norm, we apply an iterative approach to
extend the result.

∥QChebd,n∥W 1,∞(Ωd) = sup
g∈W 1,∞(Ωd)\{0}

∥QChebd,ng∥W 1,∞(Ωd)

∥g∥W 1,∞(Ωd)

≤ sup
g∈W 1,∞(Ωd)\{0}

n2∥QChebd,ng∥C0(Ωd)

∥g∥W 1,∞(Ωd)

≤ sup
g∈W 1,∞(Ωd)\{0}

n2∥QChebd,n∥C0(Ωd)∥g∥C0(Ωd)

∥g∥W 1,∞(Ωd)

≤ n2∥QChebd,n∥C0(Ωd) .

In the third step, we used that for all p ∈ Πd,n

d
max
i=1

∥∥∥∥ ∂

∂xi
p
∥∥∥∥

C0(Ωd)

=
d

max
i=1

max
x1,...,xi−1,xi+1,...,xd∈Ωd

∥∥∥∥( ∂

∂xi
p
)
(x1, . . . ,xi−1, ·,xi+1, . . . ,xd)

∥∥∥∥
C0([−1,1])

(3.13)

≤ d
max
i=1

max
x1,...,xi−1,xi+1,...,xd∈Ωd

n2 ∥p(x1, . . . ,xi−1, ·,xi+1, . . . ,xd)∥C0([−1,1]) (3.14)

= n2∥p∥C0(Ωd) . (3.15)

The above argument can be iterated and obtain the following:

Lemma 43. The Lebesgue constant of the d-dimensional Chebyshev–Lobatto grid in the Sobolev space
W k,∞(Ωd) satisfies the bound

∥QChebd,n∥W k,∞(Ωd)
≤ n2k∥QChebd,n∥C0(Ωd) .

Let f : Ωd → R be a Lipschitz continuous function defined on the hypercube Ωd . According
to [93, Theorem 4.1], any Lipschitz continuous function f admits a uniformly and absolutely
convergent multivariate Chebyshev series:

f (x) = ∑
ααα∈Nd

0

cαααTααα(x), (3.16)

where Tααα(x)=∏
d
i=1 Tαi(xi)denotes the tensor product of univariate Chebyshevpolynomials. The

Chebyshev polynomials Tααα(x) form an orthogonal basis of L2(Ωd)with respect to the weighted
L2 inner product (3.1), where the weight function is

ωd(x) =
d

∏
i=1

1√
1− x2

i

.

The Chebyshev coefficients cααα are given by

cααα =
2d

πd

∫
Ωd

f (x)Tααα(x)ωd(x)dx, (3.17)
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30 3. Interpolation and integration in the hypercube

for all ααα ∈Nd with α1, . . . ,αd ≥ 1, and with each factor 2/π replaced by 1/π in (3.17) if αi = 0 for
some 1 ≤ i ≤ d. Here, dx = ∏

d
i=1 dxi.

3.6 Convergence for differentiable functions
Inwhat follows, weprovide an estimate for theChebyshev coefficients cααα in terms of theChebyshev-
weighted rth-order directional variation Vf ,r from Definition 34.

Theorem 44. Let d ∈ N, r ≥ 0, and f be of bounded rth total variation. Then f can be expanded in a
Chebyshev series

f (x) = ∑
ααα∈Nd

cαααTααα(x) , (3.18)

with |cααα | ≤Vf ,r

( 2
πq(q−1) . . .(q− r)

)d
, (3.19)

whenever q = mini=1,...,d αi ≥ r+1.

Proof. By following the argumentation in 1D, Theorems 7.1, 7.2 in [133], the coefficients are
bounded by

|cααα | ≤
( 2

πq(q−1) . . .(q− r)

)d ∫
Ωd

|∂ βββ f (x)|dx , (3.20)

where βββ = (r + 1, . . . ,r + 1) and q = mini=1,...,d αi ≥ r + 1. Consequently, by Definition 34, the
estimate

|cααα | ≤Vf ,r

( 2
πq(q−1) . . .(q− r)

)d
,

applies.

We use this result in order to control the truncation error of the Chebyshev series.

Theorem 45. Let the assumptions of Theorem 44 be fulfilled. We denote with

T f ,n(x) = ∑
ααα∈Ad,n

cαααTααα(x) , (3.21)

the truncated Chebyshev series of f : Ωd → R with respect to Ad,n, with n > r.

i) The truncation error is bounded by

∥ f −T f ,n∥C0(Ωd) ≤
2ed2Vf ,r

π(r−d +1)

(
n+1

n+1− r

)r+1

· 1
nr−d+1 ∈ O

(
n−(r−d+1)) , (3.22)

r > d −1.

ii) The truncation error of the first-order partial derivatives is bounded by

∥∂xi f −∂xiT f ,n∥C0(Ωd) ≤
2ed2Vf ,r

π(r−d −1)

(
n+1

n+1− r

)r+1

· 1
nr−d−1 ∈ O

(
n−(r−d−1)) , (3.23)
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3.6. Convergence for differentiable functions 31

r > d, ∀i = 1, . . . ,d.

Proof. Since Tk(cos(x)) = cos(kx) for all k ∈ N, we observe that ∥Tk∥C0([−1,1]) ≤ 1. Let Λ
(i)
n = {ααα ∈

Nd : αi > n}. Then the truncation error admits the following bound:

∥ f −T f ,n∥C0(□d) ≤ ∑
ααα∈Nd\Ad,n

cααα∥Tα1(x1) · · ·Tαd (xd)∥C0(Ωd) ≤ ∑
ααα∈Nd\Ad,n

|cααα |

≤
d

∑
i=1

∑
ααα∈Λ

(i)
n

2Vf ,r

παi(αi −1) . . .(αi − r)
≤

d

∑
i=1

∑
ααα∈Λ

(i)
n

2Vf ,r

π(αi − r)r+1

=
2dVf ,r

π

∞

∑
q=n+1

|Ad,q \Ad,q−1|
(q− r)r+1 ≤

2ed2Vf ,r

π

∞

∑
q=n+1

qd−1

(q− r)r+1

≤
2ed2Vf ,r

π

(
n+1

n+1− r

)r+1 ∞

∑
q=n+1

1
qr−d+2 ≤

2ed2Vf ,r

π

(
n+1

n+1− r

)r+1 ∫ ∞

n

1
xr−d+2 dx

=
2ed2Vf ,r

π(r−d +1)

(
n+1

n+1− r

)r+1

· 1
nr−d+1

where for each ααα ∈ Λ
(i)
n , we apply the Chebyshev coefficient bound (3.19) in the i-th coordinate

only, assuming q := αi ≥ r+ 1. Moreover,we used the estimate |Ad,q \Ad,q−1| = (q+ 1)d − qd ≤
edqd−1, (q > d), and bounded the resulting monotonically decreasing sum (for r − d + 2 > 1),
which ultimately yields the desired estimate (3.22). We show ii) for the partial derivative ∂xi by
writing

∥∥∂xi f −∂xiT f ,n
∥∥

C0(Ωd)
≤ ∑

ααα∈Nd\Ad,n

|cααα |
∥∥Tα1 · · ·Tαi−1

∥∥
C0(Ωd)

∥∥T ′
αi

∥∥
C0(Ωd)

∥∥Tαi+1 · · ·Tαd

∥∥
C0(Ωd)

.

We recall that Tk(x) = cos(k arccos(x)) for −1 ≤ x ≤ 1 and deduce that for all k ∈ N

T ′
k (x) =

k sin(k arccos(x))√
1− x2

=
k sin(kt)

sin(t)
, t = arccos(x) , (3.24)

yielding ∥T ′
αi
∥C0(Ωd) = α2

i . Following i), we compute

∥∥∂xi f −∂xiT f ,n
∥∥

C0(Ωd)
≤ ∑

ααα∈Nd
0\Ad,n

|cααα |α2
i ≤

d

∑
i=1

∑
ααα∈Λ

(i)
n

2Vf ,r

π(αi − r)r+1 α
2
i

≤
2ed2Vf ,r

π

∞

∑
q=n+1

qd−1q2

(q− r)r+1 ≤
2ed2Vf ,r

π

(
n+1

n+1− r

)r+1 ∞

∑
q=n+1

1
qr−d

≤
2ed2Vf ,r

π

(
n+1

n+1− r

)r+1 ∫ ∞

n

1
xr−d =

2ed2Vf ,r

π(r−d −1)

(
n+1

n+1− r

)r+1

· 1
nr−d−1 ,

(3.25)

by bounding the monotonically decreasing sum (for r−d > 1) in (3.25).

Remark 46. The coefficientsF f ,n of the two dimensional truncated Chebyshev expansion can be computed
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32 3. Interpolation and integration in the hypercube

in O(n2 logn) operations using the fast cosine transform (see, for instance, [73]).

With the previous results, we can bound the approximation error of the Chebyshev–Lobatto
interpolant of f .

Corollary 47. Let the assumption of Theorem 44 be satisfied and QGd,n f be the interpolant of f : Ωd →R
in the Chebyshev–Lobatto grid Chebd,n. Then the approximation errors of f and its first derivatives are
bounded by

∥ f −QGd,n f∥C0(Ωd) ≤
4ed2Vf ,r

π(r−d +1)

(
n+1

n+1− r

)r+1

· 1
nr−d+1 ∈ O

(
n−(r−d+1)) . (3.26)

and

∥∂xi f −∂xiQGd,n f∥C0(Ωd) ≤
4ed2Vf ,r

π(r−d −1)

(
n+1

n+1− r

)r+1

· 1
nr−d−1 ∈ O

(
n−(r−d−1)) (3.27)

for all i = 1, . . . ,d.

Proof. The statement is a direct consequence of Theorem 44 and the [133, Aliasing Theorems 4.1,
4.2], stating that

f (x)−QGd,n f (x) = ∑
ααα∈Nd\Ad,n

cααα

(
Tα1(x1) · · ·Tαd (xd)−Tβ1(x1) · · ·Tβd (xd)

)
, (3.28)

where βi = |(αi + n − 1)mod2n − (n − 1)|. This shows that, when following the estimation in
Theorem 45, the approximation error of the interpolant can be bounded by twice the bound
that appears for the truncation.

Note that these bounds for tensorized Chebyshev approximation are slightly better than those
obtained by [93, (21) and (22)]. In particular, tensorized Chebyshev approximation yields
quasi-optimal approximations of continuous functions by bounded-degree polynomials [93].

3.7 Convergence for analytic functions
We now present the analogue of the previous theorems in the case where the function f is ana-
lytic (see Definition 19). To deal with the higher dimensional case d > 1, an essential issue here
is to extend the Bernstein ellipse to a region in Cd . A natural extension of the Bernstein ellipse
Eρ to Cd is the polyellipse. To formalize our analysis, we begin with the following assumption
on f .

Assumption 48. Let ρρρ = (ρ1, . . . ,ρd), with ρi > 1 for each i. The function f is analytic in the polyellipse

Eρρρ :=
d⊗

j=1

Eρ j , (3.29)
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3.7. Convergence for analytic functions 33

where the one-dimensional Bernstein ellipse Eρ j is defined in equation (2.9). Moreover,

M := sup
z∈Eρρρ

| f (z)|< ∞.

The assumption means that f admits a bounded analytic continuation to a tensor product of
Bernstein ellipses. In the estimates below we also use the scalar quantity

ρ := min
1≤i≤d

ρi > 1.

Theorem 49. Under Assumption 48, the Chebyshev coefficients (3.18) of f satisfy

|cααα | ≤ 2dM
d

∏
i=1

ρ
−αi
i , ααα ∈ Nd

0 . (3.30)

Consequently, if q = ∥ααα∥∞, then
|cααα | ≤ 2dMρ

−q.

Proof. The tensor-product contour argument for Chebyshev coefficients gives the product esti-
mate (3.30); equivalently, one applies the one-dimensional analytic coefficient estimate succes-
sively in each variable, using the bound M on Eρρρ . Since ρi ≥ ρ and ∑i αi ≥ ∥ααα∥∞, we have

d

∏
i=1

ρ
−αi
i ≤ ρ

−∑i αi ≤ ρ
−∥ααα∥∞ ,

which proves the final estimate.

Before proceeding with the truncation error estimate, we require the following elementary tail
bound.

Lemma 50. Let λ ,ν > 0 and N > 0. Then

∫
∞

N
e−λxxν dx ≤ e−λN

(
mν+1

∑
j=1

Nν− j+1

λ j

j−2

∏
i=0

(ν − i)

)
, (3.31)

where mν ∈ N is given by

mν =

ν , if ν ∈ N,

⌊ν⌋+1, if ν /∈ N,
(3.32)

and the empty product is taken to be one when j < 2.

Proof. Let mν be defined as in (3.32). Integrating by parts mν times yields

∫
∞

N
e−λxxν dx = e−λN

mν

∑
j=1

Nν− j+1

λ j

j−2

∏
i=0

(ν − i)+
1

λ mν

mν−1

∏
i=0

(ν − i)
∫

∞

N
xν−mν e−λx dx. (3.33)
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34 3. Interpolation and integration in the hypercube

Since −1 < ν −mν ≤ 0, the final integral satisfies
∫

∞

N
xν−mν e−λx dx ≤ Nν−mν

∫
∞

N
e−λx dx =

Nν−mν

λ
e−λN . (3.34)

Combining (3.33) and (3.34) completes the proof.

For compactness, define the rescaled exponential tail

Bν(n,ρ) := ρ
n

∞

∑
q=n+1

qν
ρ
−q.

For fixed ν and ρ > 1, Lemma 50, together with a standard sum–integral comparison, implies
Bν(n,ρ) = O(nν).

Theorem 51. Let the assumptions of Theorem 49 hold. Then:

i) The truncation error satisfies

∥ f −T f ,n∥C0(Ωd) ≤ 2ded Mρ
−nBd−1(n,ρ). (3.35)

ii) The error in the first-order partial derivatives satisfies

∥∂xi f −∂xiT f ,n∥C0(Ωd) ≤ 2ded Mρ
−nBd+1(n,ρ), i = 1, . . . ,d. (3.36)

Proof. Using ∥Tααα∥C0(Ωd) ≤ 1 and Theorem 49, we obtain

∥ f −T f ,n∥C0(Ωd) ≤ ∑
ααα∈Nd

0\Ad,n

|cααα |

≤ 2dM
∞

∑
q=n+1

|Ad,q \Ad,q−1|ρ−q

≤ 2ded M
∞

∑
q=n+1

qd−1
ρ
−q.

By the definition of Bd−1(n,ρ), this gives (3.35). For the derivative estimate, use ∥T ′
k∥C0([−1,1]) = k2

and αi ≤ ∥ααα∥∞ = q. Then

∥∂xi f −∂xiT f ,n∥C0(Ωd) ≤ ∑
ααα∈Nd

0\Ad,n

|cααα |α2
i

≤ 2ded M
∞

∑
q=n+1

qd+1
ρ
−q.

By the definition of Bd+1(n,ρ), this gives (3.36).

ApplyingCorollary 51 and theChebyshev–Lobatto aliasing formulas [131, Theorems 4.1 and 4.2],
we obtain bounds on the approximation error of theChebyshev–Lobatto interpolation of f .
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3.7. Convergence for analytic functions 35

Corollary 52. Let the assumptions of Theorem 49 be satisfied, and let QGd,n f be the interpolant of f :

Ωd → R on the Chebyshev–Lobatto grid Chebd,n. Then

∥ f −QGd,n f∥C0(Ωd) ≤ 2d+1ed Mρ
−nBd−1(n,ρ), (3.37)

and, for all i = 1, . . . ,d,

∥∂xi f −∂xiQGd,n f∥C0(Ωd) ≤ 2d+1ed Mρ
−nBd+1(n,ρ). (3.38)

Proof. The proof is the same as for Corollary 47: the Chebyshev–Lobatto aliasing formulas
bound the interpolation error by twice the corresponding truncation error in Theorem 51.

3.7.1 Multivariate Chebyshev approximation from analytic maps
Chebyshev grids exhibit strong clustering near the endpoints of the interval as illustrated in
Figure 3.1. In particular, the spacing between adjacent nodes near the boundaries scales like
1/n2, where n denotes the degree of the interpolating polynomial. In contrast, the spacing near
the centre of the interval is coarser—approximately a factor of π/2 larger than that of an equally
spaced grid used in trigonometric interpolation [133].

From the perspective of polynomial approximation, this clustering is not only necessary but, in
some respects, also optimal. However, it entails a cost: roughly a factor of π/2 in each spatial
dimension is effectively “wasted.” Through analytic transplantation [64], one can construct ap-
proximations that are up to a factor of π/2 more efficient. In a three-dimensional calculation,
a discretization may need (π/2)3 ≈ 4 times as many grid points as one would like. Such a fac-
tor can significantly affect the cost of linear algebra operations. Various authors have proposed
methods tomitigate this effect. Notably, it has been shown in [64, 128] that by using appropriate
analytic maps from the ellipse Eρ to more regular regions with straighter sides (see Figure 3.4),
and applying the same numericalmethods in this newlymappedChebyshev-Lobatto points, the
π/2 factor in convergence rates and node distributions can be recovered. In the remainder of
this subsection, we briefly present the idea of analytic transplantation. For a detailed exposition
of its construction, we refer the reader to [64, 126, 128, 131] and the references therein.

Let f : Ωd → R be a Lipschitz continuous function defined on the physical hypercube, and let ζ

be an analytic map2

ζ : Ωd → Ωd , x = ζ (s), (3.39)

with ∂siζ (s)> 0 for 1 ≤ i ≤ d. Define the pullback

g(s) := f (ζ (s)).

Weapproximate g by aChebyshev interpolant on the parameter domain and thenmap the result
2Continuous differentiability of ζ is sufficient for the algebraic approximation estimates. Analyticity is used when
applying the polyellipse estimates. We use x for the physical domain and s for the parameter domain where the
Chebyshev points are located.
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36 3. Interpolation and integration in the hypercube

back to the physical domain; that is, the approximation to f is

x 7→
(
QGd,ng

)
(ζ−1(x)).

According to [93, Theorem 4.1], the pullback g admits a uniformly and absolutely convergent
multivariate Chebyshev series,

g(s) = ∑
ααα∈Nd

0

cαααTααα(s), (3.40)

or equivalently
f (x) = ∑

ααα∈Nd
0

cαααTααα(ζ
−1(x)),

with coefficients
cααα =

2d

πd

∫
Ωd

f (ζ (s))
d

∏
i=1

Tαi(si)√
1− s2

i

ds,

with 2/π replaced by 1/π for any αi = 0.

The theorems above apply to the transformed approximation after replacing f by the pullback
g = f ◦ζ . The analytic interpolation estimate becomes the following.

Theorem 53. Assume that g = f ◦ζ satisfies Assumption 48 on Eρρρ , with

Mζ := sup
z∈Eρρρ

| f (ζ (z))|< ∞, ρ := min
i

ρi.

Let QGd,ng be the Chebyshev–Lobatto interpolant of g on Chebd,n. Then

∥ f − (QGd,ng)◦ζ
−1∥C0(Ωd) ≤ 2d+1ed Mζ ρ

−nBd−1(n,ρ), (3.41)

and, for all i = 1, . . . ,d,

∥∂sig−∂siQGd,ng∥C0(Ωd) ≤ 2d+1ed Mζ ρ
−nBd+1(n,ρ). (3.42)

For many functions f , the transformed Chebyshev series are more efficient than the standard
ones. To approximate such functions efficiently, we employ transformedChebyshev interpolants
using the mapping ζ (sss) introduced in [64]:

ζ (sss) =
1

53089
(
40320sss+6720sss3 +3024sss5 +1800sss7 +1225sss9) . (3.43)

This map is constructed by truncating the Taylor series of arcsin(s)3, then normalised to satisfy
ζ (±1) = ±1. For example, choosing n = 1,3, or 5 yields the following normalised polynomial
maps:

3arcsin(s) = s+ 1
6 s3 + 3

40 s5 + 5
112 s7 + 35

1152 s9 + . . .
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3.7. Convergence for analytic functions 37

ζ (s) = s,

ζ (s) =
1
7
(6s+ s3),

ζ (s) =
1

149
(120s+20s3 +9s5).

Maps of this form are polynomials (for a finite degree n) and are therefore analytic across the
entire complex plane. Although these polynomial maps only approximate the arcsin function
up to a given degree n, they preserve important characteristics—such as stretching the region
of analyticity and equalising the distribution of nodes—without introducing singularities. To
demonstrate this, we consider the interpolation of the functions defined in the following exam-
ple.

(a) f (x) ∈C2([−1,1]3) (b) f (x) analytic

Figure 3.3: Approximation errors using transformed Chebyshev interpolants along with the
ideal convergence lines.

Example 54. We consider the interpolation of the functions f (x) = ∑
d
i=1 |sin(xi)|3 and f (x) = 1

1+10∥x∥2 .
The first function belongs to the class C2(Ωd), with discontinuities in the third derivative at x = 0 and
x = ±π , whereas the second function is analytic over Ωd . For the purpose of this analysis, we fix d = 3

and apply the analytic map given in (3.43). For the first function, we take r = 3.

The results confirm the theoretical predictions:

• The first function exhibits algebraic convergence, as shown in the left plot of Figure 3.4, where the
transformed approximants decay at the same rate as the Chebyshev interpolants but lie consistently
below them.

• The second function demonstrates geometric (exponential) convergence, as illustrated in the right
plot of Figure 3.4. The speedup is clear, the poles at ± i√

10
make the largest Eρ -ellipse in which f is

analytic small. The analytic map (3.43) enlarges the Bernstein ellipse in which f (ζ (sss)) is analytic.
As a result, the transformed approximants converge at a geometric rate, with an observed decay of
approximately 1.55−n. It is also worth noting that the interpolation points in Figure 3.4b are more
evenly distributed than in Figure 3.4a, with increased density near the center, allowing for finer
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38 3. Interpolation and integration in the hypercube

resolution.

(a) E1.35 (b) ζ (E1.35)

Figure 3.4: The Bernstein ellipse together with the Chebyshev–Lobatto points, and their image
under the transformation (3.43).

Example 54 illustrates and confirms the findings of [64], namely that the assumption that f is
analytic in Eρ is unbalanced from a practical point of view. It allows f to be “less analytic” near
the ends of the interval, where the ellipse is narrow, than in the middle, where it is wide. This
nonuniform analyticity condition underlies Corollary 52 and related results, but it lacks intrin-
sic justification. Therefore, by analytically mapping Eρ to a region with straighter sides, one can
achieve improved convergence rates. We close by emphasizing that, for analytic functions, it
is not enough for a grid to simply ‘look good’; achieving a fast rate of geometric convergence
depends on whether it originates from an analytic map covering a large domain of analytic-
ity.

Remark 55. Before concluding this section, it is essential to address one of the key challenges of tensorial
polynomial interpolation: the so-called curse of dimensionality [74]. This term, introduced by Richard
Bellman [10], refers to the exponential increase in complexity as the number of variables (or dimensions)
grows. In our context, this phenomenon manifests as follows: If we express the convergence rates in terms
of the number of degrees of freedom (Chebyshev coefficients), N := |Ad,n|= (n+1)d , then equation (3.22)
becomes

∥ f −QGd,n f∥C0(Ωd) ∈ O
(
N− (r−d+1)

d
)
. (3.44)

Similarly, for equation (3.23) we have

∥∂xi f −∂xiQGd,n f∥C0(Ωd) ∈ O
(
N− (r−d−1)

d
)
, ,∀i = 1, . . . ,d. (3.45)

The convergence rate deteriorates significantly as the dimension d increases. This effect, can be mitigated
by considering polynomials corresponding to an ℓp ball index with p<∞, whose the number of coefficients
scale subexponentially with the dimension. For instance, for p = 1, we have N := |Ad,n,1| = O(dn), and
for p = 2, we have N := |Ad,n,2|= o(nd). We refer to [68] for a deeper discussion on this topic.
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3.8 Integration in the hypercube
In this section, we review numerical integration on the reference hypercube Ωd = [−1,1]d . Let
f : Ωd → R be continuous and consider

Id [ f ] :=
∫

Ωd

f (x)dx . (3.46)

We write I[ f ]when the dimension is clear. Such integrals arise repeatedly in later chapters after
surface integrals are pulled back to reference domains: the integrand then contains the physical
function, the parametrization, and the geometric Jacobian. Since these integrals are rarely avail-
able in closed form, high-order numerical integration is a central part of the discretization.

A cubature formula approximates (3.46) by a finite weighted sum

Id [ f ]≈ QQQn[ f ] = ∑
ppp∈P

ωppp f (ppp). (3.47)

The non-zero constants ωppp are the weights and the points ppp ∈ P are the integration nodes. If
d = 1, the rule is called a quadrature formula; if d ≥ 2, it is called a cubature formula. We also use
the neutral term integration rule.

Definition 56. A cubature formula Q for an integral I is said to have algebraic degree of exactness p

if
Q[ψ] = I[ψ], ∀ψ ∈ Πd,p, (3.48)

and there exists φ ∈ Πd,p+1 such that
Q[φ ] ̸= I[φ ]. (3.49)

In contrast, the order of a quadrature rule will refer to the parameter controlling the number of quadrature
points. For example, in one dimension we write Qn for a rule with n+ 1 nodes. With this convention,
the (n+ 1)-point Clenshaw–Curtis rule has algebraic degree of exactness n, whereas the (n+ 1)-point
Gauss–Legendre rule has algebraic degree of exactness 2n+1.

Since both Q and I are linear, and Πd,p is a vector space, the condition (3.48) is equivalent
to

Q[ψ j] = I[ψ j], j = 1, . . . ,dimΠd,p, (3.50)

where the ψ j form any basis of Πd,p.

Inmulti-dimensional settings, cubature rules are often constructed by combining one-dimensional
quadrature rules; see Section 2.4. This leads naturally to tensor-product methods, which will be
the focus of the following section.

3.8.1 Tensor-product techniques for multivariate integration
Tensor-product quadrature methods are particularly effective for integrating high-degree poly-
nomials over Cartesian product domains in Rd . These methods are especially well-suited to
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40 3. Interpolation and integration in the hypercube

structured domains such as cubes, which commonly arise in finite element and finite volume
methods [113]. They are constructed by taking tensor products of the nodes and weights from
one-dimensional quadrature rules. The construction is recursive and proceeds as follows:

Let QQQ1
n denote a quadrature rule on [−1,1]with nodes and weights

{(p j,ω j)}n
j=0.

Thus QQQ1
n uses n+1 function evaluations:

∫ 1

−1
f (x)dx ≈ QQQ1

n[ f ] =
n

∑
j=0

ω j f (p j).

The algebraic degree of exactness depends on the particular rule; for instance, it is n forClenshaw–
Curtis quadrature and 2n+ 1 for Gauss–Legendre quadrature. For d ≥ 2, the rule is extended
recursively. Let QQQd−1

n represent a quadrature rule on a (d−1)-dimensional domain Ωd−1 ⊂Rd−1,
with nodes {p̃ppi}

Nd−1−1
i=0 and weights {ω̃i}Nd−1−1

i=0 , where Nd−1 is the number of nodes in QQQd−1
n . De-

fine the d-dimensional domain as Ωd := Ωd−1 × [−1,1]. The tensor-product rule QQQ⊗d
n for Ωd is

constructed from QQQd−1
n and QQQ1

n by

∫
Ωd

f (x)dx ≈ QQQ⊗d
n [ f ] :=

Nd−1−1

∑
i=0

n

∑
j=0

ω̃iω j f (p̃ppi, p j), with (p̃ppi, p j) ∈ Ωd .

Equivalently, for the tensor-product domain Ωd = [−1,1]d , this can be written as

QQQ⊗d
n [ f ] :=

n

∑
i1=0

· · ·
n

∑
id=0

ωi1 · · ·ωid f (pi1 , . . . , pid ). (3.51)

This way, a d-dimensional quadrature rule is defined which requires (n+ 1)d function evalu-
ations. The relevance of this construction is not that one needs numerical quadrature to inte-
grate individual monomials, which can of course be integrated analytically. Rather, polyno-
mial exactness provides a precise way to design and analyze quadrature rules. In applications,
the functions to be integrated are typically not polynomials; for instance, after a surface in-
tegral is pulled back to a reference domain, the integrand contains the physical function, the
surface parametrization, and the Jacobian determinant. Tensor-product quadrature is useful
because it reduces the construction of multidimensional rules on Cartesian product domains
to one-dimensional nodes and weights, while retaining high-order accuracy for smooth inte-
grands.

3.8.2 Convergence of Clenshaw–Curtis and Gauss–Legendre Quadrature
In the univariate case, it is well known that the error in approximating the integral (3.46) decays
algebraically for differentiable functions and exponentially for analytic functions [133]. This
behavior can be summarized by the following statements:
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Theorem 57 (Quadrature formulas for differentiable functions). Let f ∈ C([−1,1]) and suppose
f has derivatives up to f (r−1), which are absolutely continuous on [−1,1], where r ≥ 1. Further assume
that the r-th derivative f (r) is of bounded variation Vf . Then the following error bounds hold:

1. For the (n+1)-point Clenshaw–Curtis quadrature with n > r,∣∣∣I[ f ]−QQQCC
n [ f ]

∣∣∣≤ 32
15πr

Vf

(n− r)r . (3.52)

2. For the (n+1)-point Gauss–Legendre quadrature with n > 2r+1,∣∣∣I[ f ]−QQQGL
n [ f ]

∣∣∣≤ 32
15πr

Vf

(n−2r−1)2r+1 . (3.53)

Proof. See [133, Theorem 19.4].

Theorem 58 (Quadrature formulas for analytic functions). Let f be an analytic function on [−1,1]

that can be analytically extended to the open Bernstein ellipse Eρ . Suppose | f (z)| ≤ M for some constant
M and all z ∈ Eρ . Then the following error bounds hold:

1. For the (n+1)-point Clenshaw–Curtis quadrature with n ≥ 2,

∣∣∣I[ f ]−QQQCC
n [ f ]

∣∣∣≤ 64M ρ1−n

15(ρ2 −1)
. (3.54)

2. For the (n+1)-point Gauss–Legendre quadrature with n ≥ 1,

∣∣∣I[ f ]−QQQGL
n [ f ]

∣∣∣≤ 64M ρ−2n

15(ρ2 −1)
. (3.55)

Moreover, the factor ρ1−n in the Clenshaw–Curtis bound can be improved to ρ−n when n is even, and
the constant 64/15 can be replaced by 144/35 if n ≥ 4 in the Clenshaw–Curtis case, or if n ≥ 2 in the
Gauss–Legendre quadrature case.

Proof. See [133, Theorem 19.3].

The next theoremgives a tensor-product Clenshaw–Curtis estimate on the hypercube. The proof
is intentionally conservative: it combines polynomial exactness with positivity of the weights
and the uniform Chebyshev truncation estimates derived earlier. Remark 60 then explains how
the sharper one-dimensional Chebyshev-mode argument can be lifted dimension by dimen-
sion.

Theorem 59 (Stability-based tensor-product Clenshaw–Curtis estimate). Let f satisfy the assump-
tions of Theorem 44, and let d ∈N. Then the following error bounds hold for the (n+1)d-point Clenshaw–
Curtis quadrature:
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42 3. Interpolation and integration in the hypercube

(a) If n > r and r > d −1, then

∣∣∣I[ f ]−QQQCC⊗d
n [ f ]

∣∣∣≤ 22d+1edVf ,r

π(r−d +1)

(
n+1

n+1− r

)r+1 1
nr−d+1 . (3.56)

(b) If the assumptions of Theorem 49 are satisfied and n > 2, then∣∣∣I[ f ]−QQQCC⊗d
n [ f ]

∣∣∣≤ 22d+1ed Mρ
−nBd−1(n,ρ). (3.57)

Proof. Let T f ,n denote the truncated Chebyshev series of f : Ωd → R with respect to Ad,n. The
tensor-product Clenshaw–Curtis rule is exact for T f ,n, hence

I[T f ,n] = QCC⊗d
n [T f ,n].

Therefore, ∣∣I[ f ]−QCC⊗d
n [ f ]

∣∣≤ ∣∣I[ f −T f ,n]
∣∣+ ∣∣QCC⊗d

n [ f −T f ,n]
∣∣ . (3.58)

The first term is bounded by 2d∥ f −T f ,n∥C0(Ωd), since vol(Ωd) = 2d . The second term satisfies the
same bound because the tensor-product Clenshaw–Curtis weights are positive and sum to 2d .
Thus, ∣∣I[ f ]−QCC⊗d

n [ f ]
∣∣≤ 2d+1∥ f −T f ,n∥C0(Ωd).

Applying Theorem 45 gives (3.56), and applying Theorem 51 gives (3.57).

Remark 60. The estimate in the preceding theorem is safe but not sharp in its constants, because it bounds
the quadrature error by the uniform norm of the Chebyshev tail. The sharper one-dimensional proof does
something more specific: it expands the error in Chebyshev modes and estimates only the modes that the
rule does not integrate exactly.

Let I1[g] =
∫ 1
−1 g(x)dx, and let Q1

n be a symmetric positive one-dimensional rule with algebraic degree of
exactness νn. For Clenshaw–Curtis, νn = n. Define the one-dimensional modal defect

δ
(n)
k := I1[Tk]−Q1

n[Tk].

Then δ
(n)
k = 0 for k ≤ νn. Moreover, symmetry gives

I1[Tk] = Q1
n[Tk] = 0 for odd k.

Thus the one-dimensional error receives contributions only from even Chebyshev modes above the exact-
ness degree. For even modes,

I1[T2m] =
2

1−4m2 , |I1[T2m]| ≤
2
15

(m ≥ 2),
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and positivity gives |Q1
n[Tk]| ≤ Q1

n[1] = 2. Hence, for every even non-exact mode with k ≥ 4,

|δ (n)
k | ≤ 2+

2
15

=
32
15

. (3.59)

Together with the one-dimensional Chebyshev coefficient estimate and the summation over even modes
only, this is the elementary cancellation mechanism behind the Clenshaw–Curtis part of Theorem 57.

The tensor-product extension is obtained by applying the same argument one coordinate at a time. Suppose

f (x) = ∑
ααα∈Nd

0

cαααTααα(x), Tααα(x) =
d

∏
j=1

Tα j(x j).

For one tensor-product mode, both the exact integral and the tensor-product rule factorize, so

Id [ f ]−Q1⊗d
n [ f ] = ∑

ααα∈Nd
0

cααα∆
(n,d)
ααα , (3.60)

where

∆
(n,d)
ααα :=

d

∏
j=1

I1[Tα j ]−
d

∏
j=1

Q1
n[Tα j ].

The product defect can be telescoped as

∆
(n,d)
ααα =

d

∑
ℓ=1

(
∏
j<ℓ

Q1
n[Tα j ]

)
δ
(n)
αℓ

(
∏
j>ℓ

I1[Tα j ]

)
. (3.61)

This is the concrete multidimensional version of the one-dimensional proof: each summand contains
exactly one one-dimensional quadrature defect, while the remaining directions contribute only exact or
quadrature moments.

The consequences are immediate. First, if one component α j is odd, then both products in ∆
(n,d)
ααα vanish.

Second, if all components satisfy α j ≤ νn, then all one-dimensional defects vanish. Hence only the even
non-exact tail

Ed,n := {ααα ∈ (2N0)
d : ∥ααα∥∞ > νn}

can contribute. Let
sn(ααα) := #{ j : α j > νn}

be the number of non-exact coordinate directions. Using |I1[Tk]| ≤ 2, |Q1
n[Tk]| ≤ 2, and (3.59), equa-

tion (3.61) gives
|Id [ f ]−Q1⊗d

n [ f ]| ≤ 2d−1CQ ∑
ααα∈Ed,n

sn(ααα)|cααα |, (3.62)

where CQ is a one-dimensional bound for the even non-exact defects; the elementary bound above gives
CQ = 32/15.

Combining (3.62) with the coefficient estimate from Theorem 44 yields a parity-filtered shell estimate. In
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44 3. Interpolation and integration in the hypercube

the usual stability proof, the shell ∥ααα∥∞ = q has cardinality

(q+1)d −qd ≤ edqd−1.

In the modewise quadrature estimate, only even shells remain. For q = 2m,

|Eeven
d,2m|= (m+1)d −md ≤ ed

(q
2

)d−1
, |Eeven

d,2m+1|= 0.

Therefore the contribution of the shell ∥ααα∥∞ = q = 2m is bounded by

2d−1CQ d
2dVf ,r

πq(q−1) · · ·(q− r)

(
(m+1)d −md

)
,

where the factor d comes from the crude bound sn(ααα) ≤ d. This is the same summation as in the proof
of (3.56), but with the full shell count (q+1)d −qd replaced by the parity-filtered count (m+1)d −md ,
and with the one-dimensional modal-defect constant CQ = 32/15 made explicit.

Thus the improved estimate has the same algebraic rate as (3.56), but a smaller tail: all odd shells are
removed, and the factor sn(ααα) records how many directions are actually beyond the exactness degree. In
particular, for d = 1, equations (3.60)–(3.62) reduce to

|I1[ f ]−Q1
n[ f ]| ≤CQ ∑

k>νn
k even

|ck|,

which is precisely the one-dimensional Chebyshev-mode tail estimate. For Clenshaw–Curtis, νn = n and
CQ = 32/15; with the standard one-dimensional coefficient bound and the sharp even-tail summation,
this gives

|I1[ f ]−QCC
n [ f ]| ≤ 32

15πr
Vf ,r

(n− r)r ,

which is the Clenshaw–Curtis estimate in Theorem 57. The point is not a new rate, but a clearer and
sharper tensor-product constant: the multidimensional proof is obtained by tensorizing the same parity
and modal-defect argument used in one dimension.
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Chapter 4

Representations of surfaces

In this chapter, we review the surface representations that are used in the methods developed
later in the thesis. Our attention is restricted to d-dimensional regular surfaces that admit a dif-
ferentiable structure, allowing them to be treated as d-dimensional manifolds; see Definition 61.
The implicit function theorem provides the theoretical justification for this identification by as-
serting that a sufficiently smooth implicit surface locally defines a manifold [23, Proposition
4.16]. Throughout, we adopt this equivalence and use the terms surface and manifold inter-
changeably where appropriate.

Definition 61 (Regular Surface). Let r ∈ N. A d-dimensional surface Γ ⊆ Rd+1 of class Cr is defined
as follows: for every point p ∈ Γ, there exists an open neighborhoodNδ ⊂Rd+1 containing p, an open set
U ⊂ Rd , and a map ρppp : U →Nδ ∩Γ such that the following conditions hold:

1. ρppp ∈Cr(U ;Rd+1).

2. ρppp is a homeomorphism.

3. For every point q ∈U , the Jacobian dρq : Rd → Rd+1 is injective (i.e., has full rank d).

The maps ρp are called local parametrizations or local charts of the surface. We say f ∈ Cr(Γ),
if for every local parametrization ρp of Γ we have f ◦ρp ∈ Cr(U ;R). These maps continuously
and invertibly identify subsets of Rd with subsets of Γ (property 2). Properties 1 and 3 ensure
that the surface is smoothly embedded in Rd+1, meaning it has no cusps. The third property
allows combining a set of parametrizations into an atlas covering the entire surface. Such a
(finite) covering always exists since surfaces are compact subsets of Rd+1. A surface Γ can be
represented in various ways, such as through a parametrization over a reference domain, an
implicit representation as the level set of a function, or by closest-point projection of coordinates
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46 4. Representations of surfaces

onto another surface in a neighborhood close to Γ.

At the most abstract level, these representations are categorized into two primary types: im-
plicit and parametric representations. Each representation method has its own advantages and
limitations [44], which we discuss in Sections 4.1 and 4.2, respectively.

4.1 Implicit representations
In implicit representations, surfaces are described as the kernel or zero-level set of a function:

Definition 62. An implicit (or volumetric) surface in Rd+1 is defined as the zero-set of a scalar-valued
function FΓ : Rd+1 → R, i.e.,

Γ = {x ∈ Rd+1 | FΓ(x) = 0}.

From the implicit function theorem it may be shown that for FΓ(x) = 0, where 0 is a regular
value1 of FΓ, the implicit surface is a d-dimensional manifold [23, Proposition 4.16]. The Jordan-
Brouwer Separation Theorem states that such a manifold separates space into the surface itself
and two connected open sets: an infinite outside and a finite inside [63]. More precisely, a given
domain Ω ⊂Rd+1 can be decomposed into an inner part Ω1, an outer part Ωc

1, and their common
interface Γ by requiring that ∀x ∈ Ω

FΓ(x)< 0 ⇐⇒ x ∈ Ω1,

FΓ(x) = 0 ⇐⇒ x ∈ Γ,

FΓ(x)> 0 ⇐⇒ x ∈ Ωc
1,

where we define Ωc
1 as the (open) complement of Ω1 in Ω. FΓ does not explicitly describe the

surface, but implies its existence.

Example 63. Consider two examples for which no manifold exists:

• Trivial Case: FΓ(x) := 0. Here, ∇FΓ(x) is everywhere zero, resulting in no well-defined normal
direction or tangent space at any point. Consequently, there is no well-defined inside or outside,
and no boundary separates the two regions.

• Degenerate Sphere: FΓ(x) = ∥x∥2. Here, ∇FΓ(x) = (2x1,2x2, . . . ,2xd+1), which vanishes at the
origin, the only point satisfying FΓ(x) = 0. This singularity at the origin prevents the surface from
being a smooth manifold.

The function FΓ(x) is typically defined using one of three primary approaches:
1If the gradient of FΓ is non-null at a point x, then x is said to be regular and ∇FΓ(x) is normal (i.e., perpendicular)
to the surface at x. If, however, the gradient (or, equivalently, the tangent vector) is indeterminate, the point is
singular (also called critical or non-regular). For example, the apex of a cone is a singular point. If the surface is
regular and the second partial derivatives are continuous, then the surface will have continuous curvature (i.e.,
the surface is C2 continuous). Also, if the surface is regular, it is a manifold.
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4.1. Implicit representations 47

• Through discrete samples, which are generally uniformly distributedwithin a finite volume.
These samples often arise fromphysicalmeasurements such as opacity, density, or temper-
ature. The associated isosurface is defined as the level set F−1

Γ
(c) = {x ∈ Rd+1 : FΓ(x) = c},

where c is the isocontour value.

• By mathematical functions, where one or more equations specify the coordinates of the
points x. If the defining function FΓ is polynomial, the surface is called algebraic, and
lies within the classical domain of algebraic geometry. In this setting, the zero set of FΓ

forms the surface, and its properties can be analyzed symbolically. If FΓ is instead defined
using non-polynomial expressions—such as exponential, trigonometric, or logarithmic
terms—the resulting surface is termed transcendental, and often arises in applied mathe-
matical models.

• Via procedural methods, where FΓ is specified through an algorithmic or black-box process.
In such cases, no closed-form expression for the surface exists, and geometric features
must be inferred by sampling FΓ numerically over the domain.

These approaches are versatile and particularly effective for representing surfaces with highly
complex topologies. One of the key advantages of these methods is that the global consistency
of the surface is guaranteed by construction.

Among the most common implicit representations of surfaces are:

• Level set methods [99, 100, 118–120], which are widely used for evolving interfaces;

• Local kernel (radial basis function) parametrizations [28, 29, 40, 72, 102], which allow for flex-
ible surface fitting and reconstruction;

• Closest point methods [86–88, 112], where the surface is represented in terms of points near-
est to it in the embedding space.

Despite their different mathematical structures, all of these methods share a common feature:
they approximate the surface using discrete points, typically distributed uniformly within a finite volume.
This discretization simplifies complex surface modeling and representation.

4.1.1 Curvatures and differential operators on surfaces
The practical value of implicit representations becomes especially clear when one computes dif-
ferential quantities on d-dimensional regular surfaces. In numerical settings, quantities such
as curvature are often computed on discrete surface approximations. This introduces a sec-
ond layer of approximation, involving the discretization of surface differential operators on the
discrete surface.

While these methods are highly effective, this dual approximation (both of the surface and its
differential properties) can limit the accuracy achievable, particularly for higher-order geomet-
ric quantities, which often require precise surface differentials. We provide explicit formulas
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48 4. Representations of surfaces

for computing mean curvature and Gauss curvature. We consider the implicit surface descrip-
tions of the two-dimensional surfaces Γ ⊆ Rd+1, where our surfaces are defined as the zero-
level set F−1

Γ
(0) = Γ. To derive explicit formulas for the basic geometric quantities of Γ, we

follow [59] within Rd+1, using the standard inner product ⟨ei,e j⟩ = δi, j and the standard basis
{ei}i=1,...,d+1.

If Γ is orientable, then the gradient ∇FΓ = (∂x1FΓ, ∂x2FΓ, . . . ∂xd+1FΓ) ∈ Rd+1 never vanishes on Γ

and provides, together with the Hessian HΓ = ∇(∇FΓ) ∈ R(d+1)×(d+1) of FΓ

HΓ =



∂ 2FΓ

∂x2
1

∂ 2FΓ

∂x1∂x2
· · · ∂ 2FΓ

∂x1∂xd+1

∂ 2FΓ

∂x2∂x1

∂ 2FΓ

∂x2
2

· · · ∂ 2FΓ

∂x2∂xd+1

... ... . . . ...
∂ 2FΓ

∂xd+1∂x1

∂ 2FΓ

∂xd+1∂x2
· · · ∂ 2FΓ

∂x2
d+1

 ,

the main ingredients for computing Gauss andmean curvature. Both curvatures can be derived
from these quantities [59] as:

KGauss =

det

(
HΓ ∇FT

Γ

∇FΓ 0

)
∥∇FΓ∥4 (4.1)

Kmean =
∇FΓHΓ∇FT

Γ
−∥∇FΓ∥2trace(HΓ)

2∥∇FΓ∥3 . (4.2)

While several alternative formulas exist [59], the two mentioned above enable stable and nu-
merically accurate evaluation, as demonstrated in [138, Section 10.1].

4.1.2 Surface regularity and closest point projection

Assume that our d-dimensional regular surface Γ is a smooth, connected, orientable, and closed
Cr manifold (with r ≥ 2), embedded in a (d+1)-dimensional ambient space. Given Γ ⊂Rd+1 for
each point x ∈ Γ the tangent space TxΓ ⊆Rd+1 is a linear subspace. The disjoint union of tangent
spaces to Γ is the tangent bundle of Γ:

T Γ :=
⋃
x∈Γ

TxΓ = {(x,y) |x ∈ Γandy ∈ TxΓ}.

The tangent bundle is a smooth manifold of dimension 2d. The normal space of Γ in Rd+1 at x
is the orthogonal complement of the tangent space TxΓ, namely NxΓ =

(
TxRd+1

)⊥
. The normal

bundle is a smooth embedded submanifold of Rd+1 ×Rd+1 of dimension d,

NΓ :=
⋃
x∈Γ

NxΓ = {(x,z) |x ∈ Γandz ∈ NxΓ}.
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Let δ : Γ −→R+ be a positive, continuous function. Consider the following open tubular neigh-
borhood of the normal bundle:

Nδ = {(x,yx) | ∥yx∥< δ (x)},

where yx is normal vector attached at x. The map F : NΓ −→ Rd+1 (x,y) 7→ x+y is smooth and
there exists a δ such that the restriction F|Nδ

becomes a diffeomorphism onto its image [84].
Consequently, Nδ = F (Nδ ) is a d−dimensional, open, smooth, embedded submanifold of Rd+1

that forms a tubular neighborhood of Γ .

Definition 64. The signed distance function d : Nδ → Γ is defined for every x ∈ Nδ as follows: if x
belongs to the exterior of Γ, it is the distance from x to Γ, denoted dist(x,Γ). Conversely, if x belongs to
the interior of Γ, it is defined as −dist(x,Γ). Thus,

|d(x)|= dist(x,Γ) ∀x ∈Nδ .

Recall the tubular neighborhoodNδ ⊂Rd+1 defined via the normal bundle. If Γ ∈C2, the signed
distance function d is well-defined and smooth in Nδ . To ensure the existence and uniqueness
of the closest point projection, we restrict δ further based on curvature bounds.

Let κi(x), for i = 1, . . . ,d, denote the principal curvatures at x ∈ Γ, and define

K(x) := max
1≤i≤d

|κi(x)|, and K∞ := ∥K∥L∞(Γ).

Then, for δ := 1
2K∞

, we consider the curvature-controlled neighborhood

Nδ :=
{

x ∈ Rd+1 : dist(x,Γ)<
1

2K∞

}
⊂ F(Nδ ), (4.3)

which guarantees the existence and uniqueness of the projection onto Γ.

For Cr surfaces, where r ≥ 2, the gradient ∇d(x) (with ∇ denoting the standard gradient inRd+1,
see [38] formore details) iswell-defined for all x∈Nδ . When computed on Γ, this gradient gives
the unit normal n(x) pointing outwards:

n(x) = ∇d(x) ∀x ∈ Γ.

Since ∇d(x) is defined in Nδ , it naturally extends n to Nδ .

The neighborhoodNδ is sufficiently small such that for every x∈Nδ , there exists a unique closest
point projection π(x) ∈ Γ, defined by

π(x) = x−d(x)∇d(x) ∀x ∈Nδ .
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An important property is that ∇d(x) coincides at x ∈Nδ and π(x) ∈ Γ:

∇d(x) = ∇d(π(x)) = ∇d(x−d(x)∇d(x)) ∀x ∈Nδ .

It is natural to inquire which properties of the distance function and closest point projection
extend for Cr surfaces, where r < 2. We use the classical regularity result stated in [57].

Lemma 65 (Properties of distance functions for Cr surfaces). Let Γ be a Cr surface, r ≥ 2. Then
there exists a positive constant δ depending on Γ such that d ∈ Cr(Nδ ). In addition, the closest point
projection π(x) = x−d(x)∇d(x) is defined and of class Cr−1 on Nδ with δ < 1

K∞
.

However, it has been demonstrated [16, Theorem11] that for less regularCr, where r < 2, such as
C1,1 surfaces the distance function and closest point projection are of limited utility. Specifically,
in this scenario, the closest point projection is not uniquely defined on any tubular neighbor-
hood of Γ and the regularity of the distance function/the closest point projection does not vary
continuously with that of Γ.

In summary, the properties of the distance function and the associated closest-point projection
forCr, r ≥ 2, surfaces are intrinsically linked to surfaces of bounded curvature. ThisCr regularity
assumption on Γ will be maintained throughout this thesis.

4.1.3 Tangential differential calculus on surfaces
Let Γ be a smooth surface embedded inRd+1 and covered by a finite family of local parametriza-
tions

ρi : Ωd −→ Rd+1 , i = 1,2, . . . ,K.

Here K denotes the number of coordinate patches in the chosen local cover. Let ∂ jρi(y) be the
column vector of j-th partial derivatives of ρi for 1 ≤ j ≤ d at y ∈ Ωd . For immersed surfaces
Γ ⊂ Rd+1 we will write Dρi(y) : Rd → Rd+1 for the Jacobian of the parametrization ρi at y. By
Definition 61, the rank of Dρi(y) = (∂ jρi(y))d

j=1 ∈ R(d+1)×d is d (full rank). This implies that
{∂ jρi(y)}d

j=1 are linearly independent and span the tangent hyperplane to Γ at x = ρi(y).

The first fundamental form is the symmetric and positive definitematrix g∈Rd×d defined by

g(y) := Dρi(y)T Dρi(y). (4.4)

If g = (gαβ )
d
α,β=1, then the components gαβ read

gαβ = ∂αρ
T
i ∂β ρi = ∂αρi ·∂β ρi,

which depends on the choice of parametrization.

Given v ∈ C1(Ωd ,R), let ṽ : ρi(Ωd)→ R be the corresponding function on the surface patch, de-
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fined by
ṽ(x) = v(ρ−1

i (x)), x = ρi(y).

The tangential (or surface) gradient of ṽ is defined as the vector tangent to Γ that satisfies the chain
rule

∇v(y) = Dρi(y)T
∇Γṽ(x) ∀y ∈ Ωd .

Since ∇Γṽ is spanned by {∂ jρi}d
j=1, we get ∇Γṽ = Dρiw for some w ∈ Rd whence w = g−1∇v

and

∇Γṽ(x) = Dρi(y)g(y)−1
∇v(y) ∀y ∈ Ωd . (4.5)

If ṽ = (ṽi)
d+1
i=1 : Γ → Rd+1 is a vector field of class C1, we define its tangential differential DΓṽ ∈

R(d+1)×(d+1) as a matrix whose i-th row is (∇Γṽi)
T .

DΓṽ =


(∇Γṽ1)

T

(∇Γṽ2)
T

...
(∇Γṽd+1)

T

=


(∂ Γ

1 ṽ1, . . . ,∂
Γ
d+1ṽ1)

(∂ Γ
1 ṽ2, . . . ,∂

Γ
d+1ṽ2)

...
(∂ Γ

1 ṽd+1, . . . ,∂
Γ
d+1ṽd+1)

 , (4.6)

for the d + 1 components of the tangential gradient. Here, we identify ∂ Γ
i with the tangential

derivative ∂i along the surface Γ.

In addition, the tangential divergence of ṽ is the trace of DΓṽ

divΓ ṽ(x) = trace(DΓṽ(x)) =
d

∑
α,β=1

gαβ (y)∂αρi(y) ·∂β v(y) ∀y ∈ Ωd , (4.7)

where v = ṽ ◦ρi and g−1 = (gαβ )d
α,β=1. If both Γ and ṽ : Γ → R are of class C2, then the Laplace–

Beltrami (or surface Laplace) operator is defined by

∆Γṽ =
1√

detg(y)
div
(√

detg(y)g(y)−1
∇v(y)

)
∀y ∈ Ωd . (4.8)

4.1.4 Global Polynomial Level Set
The methods mentioned in Section 4.1—including level set formulations, radial basis function
parametrizations, and closest point methods—all represent surfaces through discrete data such
as points, meshes, or grids. Geometric quantities are then computed numerically on these rep-
resentations. Since both the surface and its differential operators are discretized, the result-
ing errors accumulate, limiting the attainable accuracy—particularly for higher-order quanti-
ties.

TheGlobal Polynomial Level Set (GPLS)method [138] circumvents this limitation by constructing
a global representation of the surface as an algebraic variety. Given a point cloud P⊆ Γ⊂R3, the
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52 4. Representations of surfaces

Figure 4.1: The GPLS surface Q−1
Γ
(0) constructed from randomly sampled points (blue dots) on

three algebraic test surfaces.

method computes a multivariate polynomial QΓ(x) such that Γ ≈ Q−1
Γ
(0). This allows geometric

and differential computations to be carried out directly on a globally defined surface, without
requiring a secondary discretization of differential operators.

Using GPLS, the surface Γ ≈ Q−1
Γ
(0) is approximated (up to the interpolation or fitting error)

by a uniquely determined algebraic variety, as shown in [138, Theorem 7.1 (iv–vi)]. Table 4.1
reports the reconstruction errors obtained by theGPLSmethodusing randomly sampled surface
points from several algebraic surfaces. In this table, N denotes the number of random surface
samples used to construct the GPLS approximation, not the number of points at which the error
is merely evaluated. The results confirm the high accuracy of GPLS across different geometries,
highlighting its suitability for precise surface representation. Later, in Chapter 5, we employ the
GPLSmethod togetherwith the integration scheme developed in this thesis, demonstrating that
GPLS is a strong candidate for performing integration on non-parametrized surfaces.

While implicit representations—such as theGlobal Polynomial Level Setmethod—provide smooth
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Algebraic 2D surface L∞ errors of: N
surface fitting coefficients validation

Ellipsoid
(9±2) ·10−16 (1±1) ·10−15 (9±2) ·10−16 50(a = 0.8,b = 0.9,c = 1.0)

Biconcave disc
(7±4) ·10−14 (3±4) ·10−7 (1±3) ·10−10 200(d = 0.5,c = 0.375)

Torus (R = 0.5,r = 0.3) (3±1) ·10−14 (1±1) ·10−12 (8±6) ·10−14 100

Table 4.1: Reconstruction errors (mean and maximum deviation) of [138, Experiments 1.2],
based on N random surface point samples used to construct the GPLS approxima-
tion of the 2D surfaces shown in Figure 4.1.

and often highly accurate models of surfaces, many practical applications demand a more ex-
plicit representation. This is especially true in areas such as visualization, finite element analy-
sis, and mesh-based numerical simulation.

In such settings, the surface is typically approximated by a mesh of triangles or polygons; that
is, a discrete collection of piecewise-linear, semi-disjoint elements. Provided that the surface
FΓ is at least C1, such a triangulation is always possible: every differentiable manifold admits
a triangulation [141, 142]. This brings us naturally to the second major category of surface
representations.

4.2 Parametric representations
Parametric representations such as splines [47], subdivision surfaces [148], or triangle meshes
are based on a mapping from a (piecewise) planar domain into Rd+1. In other words, para-
metric (or explicit) surfaces are defined by a vector-valued parametrization function f : Ω → Γ,
that maps a d-dimensional parameter domain Ω ⊂Rd to the surface Γ ⊆Rd+1. Triangle meshes2
are arguably the most predominant surface representation, both in geometry processing and
computer graphics, as well as in other fields such as computational geometry and topology.
The popularity of triangle meshes comes from their simplicity, flexibility, and the existence of
many data structures for efficient mesh navigation and manipulation [15, 129]. Many methods
have been developed to compute or modify triangulations of given surfaces or point clouds,
while promoting properties such as alignment to shape features (e.g., ridges or creases), adapt-
ing sampling density to geometric detail, or improving triangle aspect ratios; see [11] for an
overview. Here we do not cover the detailed process of meshing a surface; for that topic, we re-
fer to [14] and the references therein. We instead use this section to introduce the triangulation
of regular surfaces in R3:

Definition 66 (Triangulation of surfaces inR3). Let Γ be a regular surface. A triangle in Γ is a closed
subset T which is the image of a homeomorphism ψ : T ∗ → T where T ∗ is a triangle in the plane R2. (i.e.,
a compact subset of R2 bounded by three distinct straight lines). The vertices, edges, and face of T are the
images of the vertices, edges, and face under ψ .
2Triangle meshes, being explicitly defined, are categorized as an explicit surface representation, albeit not a para-
metric one.
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54 4. Representations of surfaces

Figure 4.2: Illustrations of a surface discretized with a triangular tessellation (left) and with a
point cloud (right).

Definition 67. A triangulation3 of a compact surface Γ consists of a finite family of closed subsets
{T1,T2, . . . ,Tn} such that any two distinct triangles, Ti and Tj are either disjoint, have a single vertex
in common, or have one entire edge in common.

Implicit and parametric surface representations each offer distinct advantages, making it valu-
able to be able to convert between the two forms. For instance, when calculating the intersection
of two parametric surfaces, the parametric equation of one surface can be substituted into the
implicit form of the other [71].

The process of converting a parametric surface to an implicit form is known as implicitization
and can be applied to any rational parametric surface or curve [117]. Implicitization involves
eliminating the parameters from the parametric equations. For example, eliminating s and t

from a set of rational equations produces the implicit form in terms of x [71, 80]. Conversely,
the conversion from implicit to parametric form is referred to as parametrization. This process,
called inversion, involves associating a point x with its corresponding parametric coordinates
(s, t) [115]. However, parametrizing a surface in terms of rational functions is not always possi-
ble; for instance, many implicit surfaces defined by polynomials of degree four or higher cannot
be expressed through rational parametrizations [116]. Despite this, conversion is always possi-
ble for non-degenerate quadrics and some cubics that have a singular point.

3Radó (1925) showed that every surface has a triangulation. It might come as a surprise that for every d ≥ 4, there is
a compact d− dimensional surface (without boundary) that does not have a triangulation. The latter results are
very deep. For dimension 4 it follows from results of Freedman (1982) and Casson (1990) – this is actually part
of the work Freedman won the fields medal for. For dimensions at least 5 the result is due to Manolescu (2013).
In contrast, it was provedmuch earlier by Cairns (1935) andWhitehead (1940) that every differentiable surface has
a triangulation.
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4.2.1 Simplicial complexes

Definition 68. A simplicial complex Th in Rd is a finite set of simplices in Rd that satisfies the following
conditions

1. Any subsimplex of a simplex from Th is also in Th.

2. The intersection of any two simplices T1,T2 ∈ Th is a face of both T1 and T2.

In otherwords, the first condition asks Th to be closed under taking subsimplices, and the second
condition asks that the intersection of any two simplices is either a common subsimplex or empty
because the empty set is a face of every simplex.

Any subset T′
h ⊆ Th that is itself a simplicial complex is called a subcomplex of Th. We say that a

simplicial k-complex Th is a simplicial complex where the largest dimension of any simplex in Th

is k. Thus, a simplicial 2-complex does not contain tetrahedra or higher-dimensional simplices.
The 0-complex of Th is called the vertex set of Th. We can also think of a simplicial complex as
a space with a triangulation, which is the division of a surface or a plane polygon into a set of
2-simplices.

Throughout this thesis we work with d-dimensional closed surfaces, Γ ⊆ Rd+1, with ∂Γ = /0.
We assume that we have a polyhedral reference surface Γh in Euclidean three-space, which is
defined to be a compact subset Γh ⊆Rd+1 topologically equivalent to the smooth surface Γ. This
discrete surface is composed of finitely many triangles whose vertices are located in Γ, ensuring
that each edge is contained in a certain (affine) line and each face is contained in a certain (affine)
plane: Γh is the union of finitely many non-degenerate (closed) d− simplices in Rd+1.

We let Th denote the set of these simplices:

Γh =
⋃

T∈Th

T, |Th|= K . (4.9)

A triangulation Th is conforming if it satisfies the following property: for Ti,Tj ∈ Th, with i ̸= j, the
intersection Ti ∩Tj is either empty or a proper subsimplex common to both Ti and Tj. In other
words, a conformingmeshmeans there are no vertices in the interior of edges. If this condition is
not met, the triangulation is referred to as non-conforming. The triangulation defined here can be
treated equivalently as simplicial complex as it is a finite set of simplices satisfyingDefinition 68.
Let T ∈ Th be a k-dimensional simplex, where k ≤ d, with vertices [x0, . . . ,xk] ∈Rd . We define the
diameter of T by

diam(T ) = max
0≤i< j≤k

∥xi −x j∥,

that is, the length of the longest edge. In particular, if T consists of a single vertex, then diam(T )=

0.

Additionally,
h = max

T∈Th
diam(T ), r = min

T∈Th
ρ(T ).
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56 4. Representations of surfaces

and the quantity
σ = max

T∈Th
σ(T ), σ(T ) =

h(T )
r(T )

is bounded independently of the mesh size h.

4.2.2 Projection to zero-level set
Determining the closest point projection onto a surface, denoted by π(x), is a fundamental opera-
tion inmany applications. While closed-form solutions exist for simple surfaces such as spheres
and tori, for more complex surfaces, especially those implicitly defined as the zero-level set of a
function, the closest-point projection must be determined iteratively. This can be achieved us-
ing methods such as Newton’s method or fixed-point iteration. The essential property used in
these algorithms is that the normal vector to the surface is given by the normalized gradient of
the implicit function.

Let us assume that our surface is given as Γ =
{

x ∈ Rd+1 : ϕ(x) = 0
}. Given an initial guess

for the projected point x0, the authors of [103] describe a scheme to iteratively compute better
approximations of the projection of x0 to Γ. The scheme approximates the closest-point prop-
erty π(x) = x−d(x)n(π(x)) using the approximate distance d(x)≈ ϕ(x)

∥∇ϕ(x)∥ and the normal vector
n(x) = ∇ϕ(x)

∥∇ϕ(x)∥ , for x ∈ Γ. This leads to an iterative scheme inspired by gradient descent:

xi+1 = xi −∇ϕ(xi)
ϕ(xi)

∥∇ϕ(xi)∥2 . (4.10)

This scheme iteratively updates the estimate of the projected point by moving along the nega-
tive gradient direction, with the step size proportional to the approximate distance to the sur-
face.

While the gradient descent approach is computationally efficient, it may not always converge
to the true closest point. To address this, an improved scheme, as proposed in [39], refines the
initial estimate obtained from the gradient descent step.

This refined scheme proceeds as follows:

x̃i+1 = xi −∇ϕ(xi)
ϕ(xi)

∥∇ϕ(xi)∥2 , dist= sign(ϕ(x0))∥x̃i+1 −x0∥.

xi+1 = x0 −∇ϕ(x̃i+1)
dist

∥∇ϕ(x̃i+1)∥

First, the gradient descent step is performed to obtain an initial estimate x̃i+1. Then, this point
is used as an initial approximation of the closest-point projection to obtain a better estimate of
the actual distance from x0 to Γ. The improved scheme generally exhibits better convergence
properties, albeit at a higher computational cost. The choice of initial guess x0 can significantly
influence the convergence behavior and speed. The accuracy of the projection depends on the
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smoothness of the implicit function ϕ(x) and the chosen stopping criteria, such as an error esti-
mate erri or the distance to the surface.
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Chapter 5

Integration on regular surfaces

In computationalmathematics, accurate numerical integration techniques are crucial for a broad
range of numericalmethods, including the boundary integralmethod, the finite elementmethod,
surface finite elements, integral transforms, and the finite volume method. This chapter ad-
dresses the problem of integrating functions over triangulated curved surfaces using high-order
methods. It provides a detailed account of the work presented in three of my published papers
[145–147], each ofwhich examines the challenges associatedwith attaining optimal convergence
rates under both h- and p-refinement.

Piecewise polynomial surface parametrization using Lagrange interpolation with equidistant
points shows an error behavior that is different for even and odd polynomial orders. This phe-
nomenon was first noted numerically in the work of [109], where it was observed—though not
theoretically explained—that even-degree polynomials often yield better convergence rates than
their odd-degree counterparts. Further numerical evidence is provided in [66], where Harder-
ing and Praetorius explicitly discuss this behavior. In Section 5.1 of [66], they state:

A fourth observation in the data shown in Table 1 is that the numerical convergence rates for
even kg and small values of α are often better than the expected convergence orders. This be-
havior is not explained in the analysis section of this paper. We have observed experimentally
that for even kg the non-standard geometry estimates (11) behave even better and seem to be
of order kg + 2. This observation needs further investigation that goes beyond the scope of
this paper.

Despite these experimental findings, the underlying theoretical justification for this behavior
has remained an open question. Motivated by these observations, this chapter first addresses
this gap by studying the cancellation mechanism that appears for equidistant interpolation
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60 5. Integration on regular surfaces

nodes on refined triangular meshes. The analysis is carried out for both scalar and vector inte-
grands.

Theorems 78 and 82 establish rigorous error estimates for integration over discrete triangulated
surfaces, providing a theoretical foundation for the superior performance of even-degree poly-
nomials and thereby provingConjecture 72. These contributions not only resolve the open ques-
tion but also clarify the role played by mesh symmetry and interpolation degree in high-order
surface quadrature.

The first part of the chapter also exposes a limitation of simplex-based interpolation: evenwhen
the convergence mechanism is understood, equidistant triangular nodes remain vulnerable to
Runge’s phenomenon at high polynomial degree. This motivates the second part of the chap-
ter. In Section 5.5, we present a methodology for constructing stable, high-order surface repre-
sentations by pulling the interpolation problem back from triangles to tensor-product domains.
These representations serve as the basis for deriving high-order volume elements (HOVE) used
in the integration of scalar- and vector-valued functions over regular embedded surfaces. At
the core of this approach lies the square-squeezing technique, which reparametrizes flat triangu-
lations into cubical meshes. By interpolating on Chebyshev–Lobatto grids, the method miti-
gates Runge’s phenomenon and provides closed-form expressions for high-order quadrature.
Newly derived error bounds demonstrate exponential convergence for smooth integrals, with
p-refinements significantly outperforming h-refinements.

The third part of the chapter then accelerates the sameHOVE framework through spectral differ-
entiation. Leveraging Chebyshev–Lobatto nodes, this method constructs Chebyshev differenti-
ation matrices to compute partial derivatives of k-order cubical reparametrization maps. These
derivatives are used to approximate the metric tensor gi for each element, as detailed in Sec-
tion 5.6. Thus, the chapter moves from an explanation of the even–odd convergence effect, to a
stable tensor-product representation, and finally to a faster spectral implementation. Section 5.8
closes with potential directions for future work.

5.1 Related work
Prior to presenting the proposed approaches, it is essential to understand the current landscape
of numerical integration techniques for curved surfaces. To contextualize the discussion, we first
review several key developments addressing the computation of integrals on surfaces. These
methods, which range frommesh-free approaches to high-order polynomial interpolation tech-
niques, provide the foundation for our investigation and highlight the need for more robust and
efficient solutions.

R1) Belytschko et al. [104] explore mesh-free methods like moving least squares (MLS), which
provide a robust framework for approximating integrals, especially those with discontinu-
ous functions. Mesh-freemethods avoid the complications ofmesh generation and element
connectivity, making themeffective for dynamic simulations. However, partition of unity is
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5.2. Integrals over smooth surfaces 61

essential for stabilizing thesemethods, and computational costs can rise significantlywhen
handling discontinuities or irregular geometries. A notable limitation of these approaches
is the instability of regression methods when faced with complex integral partitions, as
discussed by Belytschko and his team.

R2) Ray et al. [109] realizeHigh-Order Integration over Discrete Triangulated Surfaces (IDS) based
on stabilized least squares, deriving kth-order surface approximations. While the stabilized
least-squares regression avoids Runge’s phenomenon the computational costs rapidly in-
crease with the order of the approximation. Recent extensions [85] address the task of
computing integrals over non-parametrized surfaces.

R3) Piecewise polynomial approximations of regular hyper-surfaces Γ = F−1
Γ

(0) inR3 are stud-
ied by Dziuk and Elliot [44]. Realizations are given by Demlow [38], Chien and Atkinson
[6], and Praetorius and Stenger [106]. However, all approaches rest on interpolation in
equidistant nodes on simplices. Consequently, they are sensitive to Runge’s phenomenon
and become unstable for high orders. An extended investigation of the error analysis pro-
vided by [38, 44, 106] is given in [147].

R4) Reeger et al. [110] propose to use local radial basis function-generated finite differences
(RBD-FD) for efficiently generating quadrature weights for arbitrary node sets. This en-
ables the approximation of surface integrals for any given function data.

While R2) and R4) address the harder problem of integrating f based on samples of f given at
particular point sets, even in the case of regular surface integrals all approaches are limited to
achieve prior specified algebraic approximation rates.

5.2 Integrals over smooth surfaces
Simplexmeshes offer several advantages over cubemeshes, particularlywhen dealingwith gen-
eral domains. Their primary benefit lies in their flexibility in conforming to intricate shapes,
making them a natural starting point for our study [103].

Let Γ be a smooth, d-dimensional surface embedded in Rd+1. We aim to compute integrals over
Γ. To facilitate numerical integration, we decompose Γ into a finite union of non-overlapping
regions:

Γ =
K⋃

i=1

Vi , Vi ∩Vj = /0 for i ̸= j ,

where each Vi is an open subset of Γ, and K denotes the number of surface patches in the de-
composition.

To proceed, we introduce a parametrization for each region Vi. Let

ρi : △d −→Vi ⊆ Γ , (5.1)
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πi

Vi

ρi := πi ◦ τi

Ti

τi

△2

Figure 5.1: Representation of a smooth surface parametrization, where every region Vi forms a
curved triangle.

be a smooth, bijective map, where △d is the standard d-dimensional simplex. We write y ∈△d

for reference coordinates and x = ρi(y) ∈ Vi for the corresponding point on the surface. The
Jacobian matrix of this parametrization, denoted by Dρi(y), plays a crucial role in transforming
integrals from the surface to the simplex domain.

Recalling that the first fundamental form, denoted by g ∈ Rd×d , is defined in equation (4.4), we
now turn our attention to the surface normal. Let N(x) denote a normal vector to Γ at the point
x = ρi(y) ∈ Γ, and define the corresponding unit normal by n(x) := N(x)

∥N(x)∥ . The volume element
gi(y) is the local surface measure induced by the parametrization. It is the volume of the paral-
lelepiped in the tangent plane to Γ spanned by the tangent vectors {∂αρi(y)}d

α=1:

gi(y) := det([n(ρi(y)),Dρi(y)]) ∀y ∈△d .

To obtain a more familiar form of g we argue as follows:

gi(y) =
1
|N|

det([N,Dρi]) =
1
|N|

det
(
[N,Dρi]

t [N,Dρi]
) 1

2 =
√

detgi(y), (5.2)

because
det
(
[N,Dρi]

t [N,Dρi]
)
= |N|2 det(Dρ

t
i Dρi) = |N|2 detgi. (5.3)

An integrable function ṽ : Vi → R induces its pullback v : △d → R by composition,

v(y) = ṽ(ρi(y)).

Conversely, a function v on △d defines a corresponding function on Vi by ṽ(x) = v(ρ−1
i (x)). The

area element allows for integration over Vi via the formula∫
Vi

ṽ dS =
∫
△d

v(y)gi(y)dy ∀v ∈ L1(△d). (5.4)
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5.2. Integrals over smooth surfaces 63

For immersed surfaces Γ ⊂Rd+1, the parametrizations ρi allow us to compute integrals simplex
by simplex. As a result, the problem of surface integration becomes:

Definition 69. Given a conforming triangulation of Γ, the integral of an integrable function f : Γ → R
is ∫

Γ

f dS =
K

∑
i=1

∫
△d

f
(
ρi(y)

)
gi(y)dy, (5.5)

with gi(y) =
√

detgi(y), i = 1, · · · ,K, and gi the first fundamental form given elementwise.

Remark 70. This decomposition relies on the existence of a smooth partition of unity subordinate to the
open cover {Vi}K

i=1. A partition of unity is a collection of smooth functions {χi}K
i=1 such that:

• Non-negativity: χi(x)≥ 0 for all x ∈ Γ and all i = 1, . . . ,K.

• Local Support: Each function χi has compact support contained within Vi.

• Partition of Unity: ∑
K
i=1 χi(x) = 1 for all x ∈ Γ.

The existence of a smooth partition of unity is guaranteed for any smooth surface. Using the
partition of unity, we can express the integral over Γ as follows:

∫
Γ

f dx =
∫

Γ

f

(
K

∑
i=1

χi(x)

)
dx =

K

∑
i=1

∫
Γ

f χi(x)dx.

Since χi has compact support inVi, the integral
∫

Γ
f (x)χi(x)dx can be computedusing the parametriza-

tion ρi, leading to the integral decomposition presented in equation (5.5).

Remark 71. In practice, triangulations of an embedded surface Γ is given as the union of finitely many
non-degenerate (closed) d− simplices (4.9) in the embedding space Rd+1. In view of (4.9), the discrete
first fundamental form gT and area element gT of Γh are given element-wise by

gT := DρT (x)T DρT (x), gT :=
√

detgT , ∀T ∈ Th, (5.6)

and satisfy
eigen(gT )≈ h2

T , gT ≈ hd
T , ∀T ∈ Th. (5.7)

They give rise to the piecewise constant functions gΓh := {gT}T∈Th and gΓh := {gT}T∈Th .

The primary challenge in providing a numerical approximation of (5.5) is the determination
of the unknown derivatives Dρ that appear in the volume element g(x). Typically, ρ is approx-
imated by the closest point projection ρ(x) ≈ x− d(x)n(x), with n(x) representing the normal
vector.

In such approximations, the Jacobian Dρ(x) is highly sensitive to the quality of the normal field
n(x). While standard geometric shapes such as spheres and tori allow for an analytical determi-
nation of n(x), high-order approximations ofDρ(x) formore general surfaces cannot be achieved
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64 5. Integration on regular surfaces

using this method. For piecewise polynomial surface approximations, we adopt the general no-
tation from [38, 106] and substitute the Jacobians Dρ with those of a polynomial approximation,
typically obtained via interpolation on a set of interpolation points in△d .

Let I denote the (componentwise) Lagrange interpolation operator, and define Ikρ := QGd,k ρ ∈
Πd,k (△d) as the kth-order Lagrange polynomial interpolation of the mapping ρ on the reference
element△d , with Lagrange nodes positioned on the smooth surfaceΓ. A kth-order interpolation
of the area element is then given by

gk(x) =
√

det
(
DQGd,k ρi(x)T DQGd,k ρi(x)

)
.

Consequently, the integral is approximated by numerically computing

K

∑
i=1

∫
△d

QGd,k f (ρi(x))gk
i (x)dx , (5.8)

where QGd,k f (ρi(x)) is a k−th order polynomial approximating the integrand f : Γ → R.

Having outlined the motivation for high-order integration on curved surfaces, we now intro-
duce the local parameterization of surfaces, which forms the basis for transforming surface
integrals into computationally manageable expressions. This parameterization is crucial for
constructing high-order polynomial approximations, allowing us to investigate and prove the
following conjecture:

Conjecture 72. Let Γ be a smooth closed embedded hypersurface, and let f ∈ Ck+2(Γ,R). Consider a
piecewise linear triangulation Γh with mesh size h, whose vertices lie on Γ, and let Γh,k be its k-th order
polynomial approximation.

If QG2,k f : Γh,k → R is a k-th order polynomial approximating f , then the integration error satisfies

∣∣∣∣∫
Γ

f dS−
∫

Γh,k

QG2,k f dS
∣∣∣∣= O

(
hk+δk

)
, where δk =

2, k is even,

1, k is odd.
(5.9)

Thus, even-degree polynomial approximations yield a higher order of convergence than odd-degree ones.

5.3 Local parameterization of surfaces
We adopt the viewpoint that the surface Γ is described as the deformation of an 2-dimensional
polyhedral surface Γh by a globally bi-Lipschitz homeomorphism1 ρ : Γh → Γ ⊂ R3. Thus there
exists L > 0 such that for all x1,x2 ∈ Γh

1A globally bi-Lipschitz homeomorphism "stretches" or "shrinks" distances between points uniformly. It doesn’t
allow for extreme distortions where distances between some points are dramatically increased or decreased com-
pared to others
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L−1|x1 −x2| ≤ |x̃1 − x̃2| ≤ L|x1 −x2|, x̃i = ρ(xi), i = 1,2. (64)

The (closed) facets of Γh are denoted by T , and form the collection Th = {T},

Γh =
⋃

T∈Th

T, |Th|= K.

The partition Th of Γh induces the partition T̃h = {T̃}T∈Th of Γ upon setting

T̃ := ρ(T ) ∀T ∈ Th.

Assume that Γh is contained in the tubular neighborhoodNδ . Under these conditions, we define
a unique nonlinear closest point projection map:

π : Nδ ⊇ Γh −→ Γ ⊂ R3 (5.10)

by
π (x) = x−d (x)n(x) ,

such that it assigns to every x ∈ Γh the closest point on Γ, so that (x−π(x)) ⊥ Tπ(x)Γ, ∀x ∈ Γh.
The computation of the closest point projection (5.10) is a local minimizer problem [19] in the
sense:

π : Γh ∋ x 7→ argmin
x̃∈Γ

∥x̃−x∥ , (5.11)

where the nonlinear projection maps a point x ∈ Γh to the point x̃ on Γ that minimizes the dis-
tance to x.

In the following proposition, we demonstrate that the meshes generated via the closest point
projection method are also shape-regular.

Proposition 73. Assuming that Th = {T}, is a shape-regular triangulation of an 2-dimensional poly-
hedral surface Γh, and T̃h = {T̃}T∈Th is a triangulation of the surface Γ such that T̃ = π(T ), then T̃ is a
shape-regular triangulation of the surface Γ.

Proof. There are two points x̃1 and x̃2 on the surface triangle T̃ such that hT̃ = d(x̃1, x̃2), here
d(x̃1, x̃2) is the length of the shortest curve joining the points x̃1 and x̃1 on Γ. From [83, Lemma
6.2] , we get d(x̃1, x̃2)<C∥x̃1 − x̃2∥. Let x1 and x2 be in the corresponding planar triangle T with
x̃1 = π(x1) and x̃2 = π(x2). Since the projection operator is Lipschitz continuous, there exists a
constant L1 such that ∥x̃1 − x̃2∥= ∥π(x1)−π(x2)∥ ≤ L1∥x1 −x2∥. Hence, d(x̃1, x̃2)<C∥x̃1 − x̃2∥ ≤
CL1∥x1 −x2∥. Thus, h(T̃ )≤CL1h(T ).

Let x0 be the center of the inscribed circle in the planar triangle T , and set x̃0 = π(x0). Let L2 be
the Lipschitz constant of the inverse projection operator π−1, then r(T ) = infx∈∂T ∥x− x0∥, and
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66 5. Integration on regular surfaces

infy∈∂ T̃ ∥π−1(x̃)−π−1(x̃0)∥. Since π−1 is Lipschitz continuous, it follows that r(T )≤ L2 infx̃∈∂ T̃ ∥x̃−
x̃0∥. Therefore, h(T̃ )

r(T̃ ) ≤CL1L2.

Next, we present a local parametric description of the surface. Let △2 ⊂ R2 denote the unit
reference simplex, defined as

△2 := {(s, t) ∈ R2 | 0 ≤ s ≤ 1, 0 ≤ t ≤ 1− s},

and let τ : R2 → R3 be the affine map such that T = τ(△2).

We now construct a surface Γh,k, which is locally parametrized over△2 by polynomials of degree
k, interpolating the smooth surface Γ. As previously mentioned, we start with a piecewise flat
triangulation Γh of the smooth surface, where the vertices lie on Γ. To simplify the notation, the
subscripts from the transformation map (5.1) and the triangulation of Γh are dropped. For any
triangle T ∈ Th with vertices q1,q2,q3 ∈ R3 we define the following map

τ : △2 −→ T, qi = τ (p̂i) , 1 ≤ i ≤ 3 τ (s, t) = q1 +
(
q3 −q1

)
s+
(
q2 −q1

)
t

to be the affine linear parametrization which maps each vertex p̂i of △2 to the vertex qi of T.

We denote the images of the non-vertex nodes of △2 on the simplex T by q̄i = τ (p̂i) , 3 < i ≤
N (2,k), where N (2,k) is the dimension of the vector space Π2,k (△2) of bivariate polynomials of
degree k. Let Lk

1 (p̂) , Lk
2 (p̂) , . . . ,Lk

N(2,k) (p̂) be the local Lagrange basis functions of degree k on
△2 corresponding to the nodal points p̂1, . . . p̂N(2,k).

We are now ready to introduce the local nonoverlapping parametrization ρ of Γ. Let ρ := π ◦ τ :

△2 → T̃ be the corresponding local parametrization of T̃ and ρ := {ρi}i=1,··· ,K ;

h|w|≲ |Dρ(s, t)w|≲ |T |
1
2 |w|, ∀w ∈ R2, (s, t) ∈△2. (5.12)

Set
pi := π (q̄i) =

(
π ◦ τ

)
(p̂i) = ρ (p̂i) , where, 3 < i ≤ N (2,K)

anddefineQG2,k ρ to be a kth-order vector-valuedpolynomial interpolation of themapping ρ :

Definition 74. The interpolation operator

Ik : C0(△2,R
)
−→ Π2,k (△2)

ρ 7→ QG2,k ρ, QG2,k ρ (p̂) :=
N(2,K)

∑
i=1

piL
k
i (p̂) (5.13)

is called the Lagrange interpolation operator of degree k.

The mapping
QG2,k ρ : △2 → T̃ k := QG2,k ρ

(
△2
)
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Γh,2

Γ
pi = π (q̄i)

q̄i

Γh

Figure 5.2: Construction of the second order approximation of the smooth surface Γh,2 (blue
line). A simplex of a "base" triangulation Γh (green line) is shown. The interpolation
nodes, here the center q̄i of an edge, are projected (grey line) onto the smooth surface
Γ (red line) via the projection π . The projected nodal points π (q̄i) and the vertices
of Γh are then interpolated, giving the second order approximation of the smooth
surface Γh,2 .

defines a polynomial mapping QG2,k ρ by interpolating the points pi ∈ Γ with the Lagrange-
polynomialsLk

1 (p̂) , Lk
2 (p̂) , . . . ,Lk

N(2,k) (p̂) .Thus, for every simplex T ∈Th we compute the projec-
tion π(q̄i) and define an isoparametric simplex T̃ k by applying Lagrange interpolation of order k

to the coordinates of the projected equidistant nodes (see Figure 5.2). Furthermore, if the base-
triangulation Th is fine enough, then the map QG2,k ρ is a diffeomorphism. By differentiating the
interpolation polynomial of the map ρ , we obtain:

∂sQG2,k ρ (p̂) :=
N(2,K)

∑
i=1

pi∂sL
k
i (p̂) , ∂tQG2,k ρ (p̂) :=

N(2,K)

∑
i=1

pi∂tL
k
i (p̂) . (5.14)

The Jacobian of the transformation is computed using equation (5.14). If QG2,k ρ is a diffeomor-
phism for every T ∈ Th, then the union of the non-overlapping mapped elements gives

Γh,k :=
⋃

T∈Th

QG2,k ρ (T ) =
⋃

T∈Th
p̂∈△2

N(2,K)

∑
i=1

π
(
τ (p̂i)

)
Lk

i (p̂) . (5.15)

Therefore, we have obtained a kth order discrete approximation Γh,k of the continuous surface
Γ. The curved mesh is built on top of a piecewise flat reference grid provided by [56, 103].
Figure 5.3 depicts an illustration of this procedure applied to a torus and a sphere.

5.3.1 Odd behavior of parametrized geometries
In this section, we prove themain theorem on the accuracy of integrationwhen replacing Γ with
its kth order polygonal approximation Γh,k. We show that the presence of symmetric triangles in
the mesh, combined with even-degree polynomials, enhances the global error order from k+1

to k+2. We begin with the following definition.
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68 5. Integration on regular surfaces

(a) Γh (b) Γh,4

(c) Γh (d) Γh,3

Figure 5.3: Lagrange parametrization for a torus and a sphere using equidistant nodes.

Definition 75 (symmetric triangles). Given a collection of triangles Th [111], a pair of triangles
that belong to the same congruence class, Tx1,x2,x3 and Tx1,x4,x5 ∈ Th, as shown in Figure 5.4, are called
symmetric with respect to their common vertex x1 if they satisfy the following property:

(x3 −x1) =−(x5 −x1) , (x2 −x1) =−(x4 −x1) . (5.16)

Traditionally, the specific technique employed for triangulation refinement of a triangulation
mesh Th is often regarded as unimportant, provided that the grid size h −→ 0 as n −→ ∞. How-
ever, a more intricate picture emerges when the influence of the integration process is taken into
account. The choice of the appropriate type of triangulation can potentially result in a serendipi-
tous cancellation of errors. Now, when examining a conforming triangulation Th, we refine each
triangle T ∈ Th into four smaller triangles using uniform refinement, which involves connecting
the midpoints of its edges with straight lines. The new elements are all congruent, and they
are similar to T . In fact, let A,B,C be the vertices of the triangle T and let X ,Y,Z be the mid-
points of the edge AB,BC and AC. An application of uniform refinement produces the triangles
T1 = [A,X ,Z],T2 = [X ,B,Y ],T3 = [Z,Y,C] and T4 = [Y,Z,X ].

We have line XY parallel to line AC, i.e., XY ∥ AC, so ∠BXY =∠XAZ. Similarly, since XZ ∥ BC, we
have∠XBY =∠AXZ. SinceX is themidpoint of lineAB, then |AX |= |BX |. In short, we have

∠BXY = ∠XAZ, |BX |= |AX |, ∠XBY = ∠AXZ.

Therefore, △BXY ∼= △XAZ. Similarly, we can prove the four triangles are congruent to each
other, i.e., △BXY ∼= △XAZ ∼= △Y ZC ∼= △ZY X , so they are in the same congruent class, which
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x5 x4

x1

x2 x3

Figure 5.4: Illustration of uniform refinement; the blue elements indicate a set of symmetric tri-
angles.

is the same as the one of the original triangle △BAC. Thus, we have proved the following re-
sult

Lemma 76. The triangle T1,T2,T3 and T4 produced by the uniform refinement have the same congruence
class as T .

Repeating the uniform refinement m− times, the total number of triangles at that level will be
22m, which can be proved by induction . An advantage of this form of refinement is that each
set of mesh points contains those mesh points at the preceding level. During this refinement
procedure, triangular elements of different sizes are obtained. For example, Figure 5.4 shows
three distinct triangular element sizes.

Consider Cm, m ∈ N as the set of triangles with equal size within T ∈ Th at the m-th refinement
level, and let Km represent the number of triangles in this set, then we can write

Cm =
Km⋃
i=1

{T i
h( 1

2 )
m}, where h = diam(T ).
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70 5. Integration on regular surfaces

For example, from the illustration in Figure 5.4, we have

C0 = T, C1 =
K1⋃
i=1

{T i
( h

2 )
}, C2 =

K2⋃
i=1

{T i
h( 1

2 )
2}, C3 =

K3⋃
i=1

{T i
h( 1

2 )
3}, C4 =

K4⋃
i=1

{T i
h( 1

2 )
4}.

C1 contains triangles in congruence class 1, while C2, C3, and C4 contain triangles in congruence
classes 2, 3, and 4, respectively.

Observe that during each uniform refinement step, at least two triangles within a congruence
class fail to meet the criteria specified in Definition 75. As a result, the density of symmetric
pairs of triangles within T ∈ Th after the m-th refinement level is O(K̃m

) while the remaining
triangles exhibit a density of O

(√
K̃m

)
. Here, K̃m denotes the total number of triangles within

T ∈ Th after the m-th refinement.

Remark 77 (symmetric triangulation). Any (smoothed closed) surface triangulation mesh that has
undergone the refinement process previously described will be referred to as a symmetric triangulation.

In light of these facts, we state the main theorem of this article, showing that even degree ap-
proximation is superior to odd degree approximation for symmetric triangulations.

Theorem 78. Let Γ be a smooth closed embedded hypersurface and f ∈Ck+2 (Γ,R). Consider a piecewise
linear triangulation Γh with mesh size h of the smooth surface having vertices lie on Γ and let Γh,k be the
k−th order approximation of the smooth surface constructed using local fittings of π ∈ Ck+3

(
Γh,R3

)
.

Consider a symmetric triangulation, consisting of O(K) = O
(
h−2
)
symmetric triangles, whereas the

number of non-symmetric triangles is bounded by O
(√

K
)
= O

(
h−1
)
. Then

∣∣∣∣∫
Γ

f dS−
∫

Γh,k

QG2,k f dS
∣∣∣∣≤
Chk+2, k ≡ 0 (mod 2)

Chk+1, k ≡ 1 (mod 2),
(5.17)

where QG2,k f : Γh,k → R is a k−th order polynomial approximating the integrand f .

Lemma 79. Let T be a triangle in Th and assume that ρ ∈Ck+1 (T ) and k ≥ 0, then we have

∥∥ρ −QG2,k ρ
∥∥

C0(T ) ≤ chk+1 l,p,q≥0
max

l+p+q=k+1
max

(x,y,z)∈T

∣∣∣∂ k+1ρ (x,y,z)
∂xl∂yp∂ zq

∣∣∣ (5.18)

with h = diam(T ). The constant c depends on k, but it is independent of both ρ and T .

Proof. In order to prove this lemma, we will use Taylor’s formula in several variables. Let’s
denote with ααα = (α1,α2), where ∥ααα∥1 = |α1|+ |α2|, h := (h1,h2) = (s−0, t −0) and ∂α1 = ∂s, ∂α2 =

∂t .

As a first step, let’s consider the k− order interpolation of the map ρ

QG2,k ρ (p̂) :=
N(2,K)

∑
i=1

piL
k
i (p̂) .
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Using Taylor’s formula for ρ around the point (0,0)we obtain:

ρ (p̂) = ∑
∥ααα∥1=k

(∂ ααα

ααα!
ρ (0)hααα

)
+

1
k!

∫ 1

0
(1−µ)k dk+1ρ (sµ, tµ)

dk+1µ
dµ. (5.19)

Let us denote H (p̂) := 1
k!
∫ 1

0 (1− µ)k dk+1ρ(sµ,tµ)
dk+1µ

dµ , by interpolating each term in equation (5.19)
using a polynomial of order k and using the fact that the interpolation of the first term is exact
because it is a polynomial of degree ≤ k, namely

Ik
(

∑
∥ααα∥1=k

(∂ ααα

ααα!
ρ (0)hααα

))
= ∑

∥ααα∥1=k

(∂ ααα

ααα!
ρ (0)hααα

)
, (5.20)

we obtain
QG2,k ρ (p̂) = ∑

∥ααα∥1=k

(∂ ααα

ααα!
ρ (0)hααα

)
+

N(2,K)

∑
i=1

H (p̂i)L
k
i (p̂) . (5.21)

Subtracting equation (5.21) from equation (5.19), we have

ρ (p̂)−QG2,k ρ (p̂) = H (p̂)−
N(2,K)

∑
i=1

H (p̂i)L
k
i (p̂) . (5.22)

The right-hand side of equation (5.22) can be written

H (p̂)−
N(2,K)

∑
i=1

H (p̂i)L
k
i (p̂) =

1
k!

∫ 1

0
(1−µ)kE (µ;s, t)dµ, (5.23)

where E (µ;s, t) has the following form

E (µ;s, t) :=
dk+1ρ (sµ, tµ)

dk+1µ
−

N(2,K)

∑
i=1

Lk
i (p̂)

dk+1ρ (Viµ, tiµ)
dk+1µ

. (5.24)

It is important to note that the left-hand side of equation (5.22) is affected by the behavior of
the term E (µ;s, t), which itself is influenced by dk+1ρ(sµ,tµ)

dk+1µ
. For k = 0, we have

max
0≤µ≤1
p̂∈△2

∣∣∣∣Dρ (sµ, tµ)
dµ

∣∣∣∣≤ chmax
{∥∥∥∥∂ρ

∂x

∥∥∥∥
L∞

,

∥∥∥∥∂ρ

∂y

∥∥∥∥
L∞

,

∥∥∥∥∂ρ

∂ z

∥∥∥∥
L∞

}
, (5.25)

where ∥∥∥∥∂ρ

∂x

∥∥∥∥
L∞

:= max
(x,y,z)∈T

∣∣∣∣∂ρ

∂x

∣∣∣∣
and analogously for ∂ρ

∂y ,
∂ρ

∂ z . Following the same line of reasoning with the higher-order deriva-
tives of ρ , we obtain

max
0≤µ≤1
p̂∈△2

∣∣∣∣dk+1ρ (sµ, tµ)
dk+1µ

∣∣∣∣≤ chk+1 max
{∥∥∥∥∂ρ

∂x

∥∥∥∥
L∞

,

∥∥∥∥∂ρ

∂y

∥∥∥∥
L∞

,

∥∥∥∥∂ρ

∂ z

∥∥∥∥
L∞

}
. (5.26)
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Using equation (5.23), we obtain

H (p̂)−
N(2,K)

∑
i=1

H (p̂i)L
k
i (p̂) = O

(
hk+1

)
. (5.27)

Combining equation (5.22) with equation (5.27) yields equation (5.18).

Next, we recall the following lemma from [33].

Lemma 80 (Cancellation property of even-degree interpolation). Let k be an even integer. Let
ρ (p̂) ∈ Π2,k+1 be a polynomial of degree k+ 1 on △2, and let QG2,k ρ (p̂) be its interpolant of degree k.
Then, for each p̂ ∈△2∫

△2

∂s
(
ρ (p̂)−QG2,k ρ (p̂)

)
dsdt = 0,

∫
△2

∂t
(
ρ (p̂)−QG2,k ρ (p̂)

)
dsdt = 0. (5.28)

Lemma 81. Let Γ be a smooth closed hypersurface and consider a piecewise linear triangulation Γh with
mesh size h of the smooth surface Γ and let Γh,k be the k−th order approximation of the smooth surface
constructed using local fittings of π ∈ Ck+3

(
Γh,R3

)
. Consider a symmetric triangulation, consisting

of O(K) = O
(
h−2
)
symmetric triangles, whereas the number of non-symmetric triangles is bounded by

O
(√

K
)
= O

(
h−1
)
. Then

∣∣∣∣∫
Γ

dS−
∫

Γh,k

dS
∣∣∣∣≤
Chk+1, k ≡ 1 (mod 2)

Chk+2, k ≡ 0 (mod 2).
(5.29)

Proof. First, let us write every term in equation (5.29) over a reference simplex
∫

Γ

dS =
K

∑
i=1

∫
△2

gidsdt,
∫

Γh,k

dS =
K

∑
i=1

∫
△2

gk
i dsdt. (5.30)

In the same manner, as in Lemma 79, we obtain

ρ (p̂)−QG2,k ρ (p̂) = Rk+1 +Rk+2 +O
(

hk+3
)
, (5.31)

where
Rk+1 := ∑

∥ααα∥1=k+1

(
∂ ααα

ααα!
ρ (p̂)hααα −

N(2,K)

∑
i=1

hααα ∂ ααα

ααα!
ρ (p̂)Lk

i (p̂)
)

Rk+2 := ∑
∥ααα∥1=k+2

(
∂ ααα

ααα!
ρ (p̂)hααα −

N(2,K)

∑
i=1

hααα ∂ ααα

ααα!
ρ (p̂)Lk

i (p̂)
)
.

Analogously, an expansion can be given for the errors in the partial derivatives of ∂α1ρ (p̂) , ∂α2ρ (p̂),
amounting to apply the derivative on (5.31). Therefore, we have

∂α1ρ (p̂)−∂α1QG2,k ρ (p̂) = ∂α1Rk+1 +∂α1Rk+2 +O
(

hk+2
)

(5.32)
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∂α2ρ (p̂)−∂α2QG2,k ρ (p̂) = ∂α2Rk+1 +∂α2Rk+2 +O
(

hk+2
)
. (5.33)

Using Taylor’s theorem and expanding about (s = 0, t = 0), we obtain

gi −gk
i :=

√
detgi −

√
detgk

i (5.34)

= E
(

hk+2;(xk −x j) ,(xℓ−x j)
)
+E

(
hk+3;(xk −x j) ,(xℓ−x j)

)
+O

(
hk+4

)
,

whereE(hk+2;(xk −x j) ,(xℓ−x j)
) andE

(
hk+3;(xk −x j) ,(xℓ−x j)

), describes the collection of terms
with order k+2,k+3 in h, whose coefficients are combinations of the vertices of triangles with
appropriate indices j, ℓ, and k. For example for a triangle Tx1,x2,x3 the coefficients are combination
of (x3 −x1) and (x2 −x1) both for E(hk+2;(xk −x j) ,(xℓ−x j)

) and E
(
hk+3;(xk −x j) ,(xℓ−x j)

). We
write E(k+ r) for terms of order hk+r whose coefficients depend on combinations of the triangle
vertices. The computation above shows that |gi−gk

i | is at least of order O
(
hk+2

), confirming also
the result obtained in [109, Theorem 7]. However, this result can be further improved assuming
that the triangulation mesh comprises symmetric triangles. Thus, integrating equation (5.34)
over a reference simplex, we have∫

△2

(
gi −gk

i
)
dsdt =

∫
△2

E(k+2)dsdt +
∫
△2

E(k+3)dsdt +O
(

hk+4
)
. (5.35)

Now if k is odd, yields ∫
△2

E(k+2)dsdt ̸= 0

then the left-hand side of equation (5.35) is at least of order O(hk+2
) for every T ∈ Th. Writing

equation (5.35) with respect to a pair of symmetric triangles Tx1,x2,x3 and Tx1,x4,x5 , we obtain
∫
△2

(
gi −gk

i
)
dsdt

∣∣∣∣
Tx1 ,x2 ,x3

=
∫
△2

E(k+2)dsdt +
∫
△2

E(k+3)dsdt +O
(

hk+4
)

(5.36)

∫
△2

(
gi −gk

i
)
dsdt

∣∣∣∣
Tx1 ,x4 ,x5

=
∫
△2

E(k+2)dsdt +
∫
△2

E(k+3)dsdt +O
(

hk+4
)
. (5.37)

Summing the contributions of the two symmetric triangles yields
∫
△2

(
gi −gk

i
)
dsdt

∣∣∣∣
Tx1 ,x2 ,x3

+
∫
△2

(
gi −gk

i
)
dsdt

∣∣∣∣
Tx1 ,x4,x5

=
∫
△2

E(k+3)dsdt +O(hk+4). (5.38)

This follows because the first right-hand-side integrands in equations (5.36) and (5.37) collect
the terms of order k+ 2 in h. Their coefficients are combinations of triangle vertices, and each
such integrand is an odd function. In general for a triangle Tx1,x2,x3 we may write:

E
(

hk+2;−(x3 −x1) ,−(x2 −x1)
)
=−E

(
hk+2;(x3 −x1) ,(x2 −x1)

)
. (5.39)
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Similarly, for Tx1,x4,x5 we have

E
(

hk+2;−(x4 −x1) ,−(x5 −x1)
)
=−E

(
hk+2;(x4 −x1) ,(x5 −x1)

)
. (5.40)

Using the property (5.16), equation (5.39) and equation (5.40), we obtain

E
(

hk+2;(x3 −x1) ,(x2 −x1)
)
+E

(
hk+2;(x4 −x1) ,(x5 −x1)

)
= 0.

The first part of inequality (5.29) is obtained by leveraging the fact that the number of symmetric
triangles in themeshΓh is of orderO(K)=O

(
h−2
), while the number of non-symmetric triangles

is bounded by O
(√

K
)
= O

(
h−1
), in combination with equation (5.35) and equation (5.38).

At this point, we notice that if k is even, then∫
△2

E(k+2)dsdt = 0.

This follows from Lemma 80 because E(k+2) represents errors when integrating a polynomial
of order k+1. Thus, we have∫

△2

(
gi −gk

i
)
dsdt =

∫
△2

E(k+3)dsdt +O
(

hk+4
)
. (5.41)

Writing equation (5.41) for the symmetric pair Tx1,x2,x3 and Tx1,x4,x5 , we obtain
∫
△2

(
gi −gk

i
)
dsdt

∣∣∣∣
Tx1 ,x2 ,x3

=
∫
△2

E(k+3)dsdt +O
(

hk+4
)

(5.42)

∫
△2

(
gi −gk

i
)
dsdt

∣∣∣∣
Tx1 ,x4 ,x5

=
∫
△2

E(k+3)dsdt +O
(

hk+4
)
. (5.43)

If k is even and the triangles are pairwise symmetric, then the error contribution is
∫
△2

(
gi −gk

i
)
dsdt

∣∣∣∣
Tx1 ,x2 ,x3

+
∫
△2

(
gi −gk

i
)
dsdt

∣∣∣∣
Tx1 ,x4 ,x5

= O
(

hk+4
)
. (5.44)

For even k, this follows from the identity

E
(

hk+3;(x3 −x1) ,(x2 −x1)
)
+E

(
hk+3;(x4 −x1) ,(x5 −x1)

)
= 0.

As in the odd case, combining equations (5.41) and (5.44) yields the second part of inequal-
ity (5.29).

We can now prove Theorem 78.

Proof of Theorem 78. As in Lemma 81, expanding the function f using Taylor’s formula around
the point ρ (p̂)with p̂ ∈△2 as local Lagrange nodes, yields
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f (ρ (p̂))−QG2,k f (ρ (p̂)) = Rk+1 +O
(

hk+2
)
, (5.45)

where Rk+1 has the form

Rk+1 := ∑
∥ααα∥1=k+1

(
∂ ααα

ααα!
f (ρ (p̂))hααα −

N(2,K)

∑
i=1

hααα ∂ ααα

ααα!
f (ρ (p̂))Lk

i (p̂)
)
.

Integrating both sides of equation (5.45) gives∫
△2

(
f (ρ (p̂))−QG2,k f (ρ (p̂))

)
gidsdt =

∫
△2

Rk+1gidsdt +O
(

hk+4
)
. (5.46)

Using |gi|= O
(
h2
) (see equation (5.7) for d = 2), the integral term on the right-hand side is at

least of order O(hk+3
). If k is even, the symmetry of the triangles makes the first term on the

right-hand side vanish. Hence the left-hand integral is accurate to order O(hk+4
). For odd k, we

instead have ∫
△2

(
f (ρ (p̂))−QG2,k f (ρ (p̂))

)
gi dsdt = O

(
hk+3

)
. (5.47)

Assume that Γh,k is composed of triangles T̃ k, i.e. Γh,k =
⋃K

i=1 T̃ k
i and the smooth closed surface,

parameterized using (5.1) Γ =
⋃K

i=1Vi. Then
∫

Γ

f dS =
K

∑
i=1

∫
Vi

f dS,
∫

Γh,k

QG2,k f dS =
K

∑
i=1

∫
T̃ k

i

QG2,k f dS. (5.48)

We rewrite equation (5.48) over the reference simplex on which the quadrature rules are de-
fined:

∫
Γ

f dS =
K

∑
i=1

∫
△2

f (ρ (p̂))gidsdt,
∫

Γh,k

QG2,k f dS =
K

∑
i=1

∫
△2

QG2,k f (ρ (p̂))gk
i dsdt. (5.49)

By making use of Lemma 81, we have∣∣∣∣∫
Γ

f dS−
∫

Γh,k

QG2,k f dS
∣∣∣∣≤ K

∑
i=1

∣∣∣∣∫△2

(
f (ρ(p̂))gi −QG2,k f (ρ(p̂))gk

i

)
dsdt

∣∣∣∣
≤

K

∑
i=1

∫
△2

∣∣( f (ρ(p̂))−QG2,k f (ρ(p̂))
)
gi
∣∣ dsdt

+
K

∑
i=1

∫
△2

∣∣QG2,k f (ρ(p̂))
(
gi −gk

i
)∣∣ dsdt

≤

{
Chk+2, k ≡ 0 (mod 2),

Chk+1, k ≡ 1 (mod 2).

For the final inequality, we have applied equation (5.46) and equation (5.47). Furthermore,
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76 5. Integration on regular surfaces

using the results established in Theorem 78, we now extend the analysis to vector-valued func-
tions. Specifically, Corollary 82 provides an analogous error estimate for surface integrals of
vector fields, using the same polynomial approximation framework outlined in the theorem.
This extension broadens the applicability of the results, particularly in scenarios where vector
fields must be integrated over curved surfaces, thereby confirming the robustness of the high-
order polynomial approximation framework.

Theorem 78 can also be extended to estimate errors in surface integrals of vector-valued func-
tions.

Theorem 82. Let Γ be a smooth closed embedded hypersurface and f : Γ → R3 be a Ck+2 vector valued
function over the smooth hypersurface. Let Γh be a triangulation of Γ with mesh size h having vertices lie
on Γ and let Γh,k be the k−th order approximation of the smooth surface constructed using local fittings
of π ∈ Ck+3

(
Γh,R3

)
. Consider a symmetric triangulation, consisting of O(K) = O

(
h−2
)
symmetric

triangles, whereas the number of non-symmetric triangles is bounded by O
(√

K
)
= O

(
h−1
)
. Then

∣∣∣∣∫
Γ

f ·dS−
∫

Γh,k

QG2,k f · dS
∣∣∣∣≤
Chk+2, k ≡ 0 (mod 2)

Chk+1, k ≡ 1 (mod 2),
(5.50)

where QG2,k f : Γh,k → R3e is a k−th order polynomial approximating the integrand f.

As we approach the proof of Theorem 82,

Proof. The proof follows naturally, because the surface integrals of a vector valued function f∫
Γ

f ·dS =
∫

Γ

f ·ndS

can be reduced to the scalar integral of f ·n, which can be approximated from Theorem 78.

Building on Theorems 78 and 82, which analyze the behavior of piecewise polynomial surface
parametrizations using Lagrange elements of even and odd orders, the following corollary ex-
amines the interplay between differing polynomial orders used for the geometry and for the
integrand.

Corollary 83. Let f ∈Cm+2
(
Γ,R3

)
. and the conditions of the Corollary 82 be fulfilled. Then,∣∣∣∣∫

Γ

f ·dS−
∫

Γh,k

QG2,mf · dS
∣∣∣∣≤Chmin{k̂,m̂} (5.51)

where

k̂ =

k+1, k ≡ 1 (mod 2)

k+2, k ≡ 0 (mod 2)
, m̂ =

m+1, m ≡ 1 (mod 2)

m+2, m ≡ 0 (mod 2)
,

and QG2,mf is a m−th order polynomial approximating the integrand f.

76



5.3. Local parameterization of surfaces 77

Proof. The proof is analogous to that of Theorem 78 and is therefore omitted.

5.3.2 Computational results
We design numerical experiments based on the Gauss–Bonnet theorem [107], [122],∫

Γ

KGauss dS = 2πχ(Γ), (5.52)

to validate our results. These tests are carried out on a set of classical smooth closed surfaces
defined by the following equations:

1) Ellipsoid x2

a2 +
y2

b2 +
z2

c2 = 1, a,b,c ∈ R\{0}.

2) Torus (x2 + y2 + z2 +R2 − r2)2 −4R2(x2 + y2) = 0, 0 < r < R ∈ R.

3) Sphere x2 + y2 + z2 = R2, R ∈ R\{0}.

The analytic expressions for the Gaussian Curvature are

1) Ellipsoid KGauss =
1

(abc)2
(

x2

a4 +
y2

b4 +
z2

c4

)2 , a,b,c ∈ R\{0}.

2) Torus KGauss =
cosv

r(R+r cosv) , where we used toric coordinates:

(x,y,z) =
(
(R+ r cosθ)cosϕ,(R+ r cosθ)sinϕ,r sinθ

)
, ϕ,θ ∈ [0,2π).

3) Sphere KGauss =
1

R2 , R ∈ R\{0}.

In all experiments we utilize the algorithm of Persson and Strang [103] to generate Delaunay
triangulations2 serving as the initial Γh surface approximation. In the numerical evaluation of
the surface integrals, we use the analytical expression of the Gaussian curvature as the inte-
grand. The integrals are then approximated using a Gaussian quadrature rule of degree 12 on
each triangle, employing 32 quadrature points [43].

In Figure 5.5 and Figure 5.6, we show the relative errors under mesh refinement. To calculate
the relative error, we integrate the Gaussian curvature on the surface and compare it with the
prediction of the Gauss–Bonnet theorem. The convergence rates shown in the plots coincide,
confirming our theoretical results.

The next experiment considers surface integrals of vector-valued functions. We choose the vec-
tor field so that the surface integral yields the volume of the solid enclosed by the surface.

We first recall the divergence theorem, which states:∫
V
(∇ · f)dV =

∫
Γ

(f ·n)dS,

where Γ is the surface boundary of V and n its outward normal.
2[56] presents another viable option for mesh generation. Please note that the Euler characteristic χ(Γ) does not
depend on the choice of triangulation, and for any two diffeomorphic surfaces Γ1 and Γ2, χ(Γ1) = χ(Γ2).
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78 5. Integration on regular surfaces

(a) Even order (b) Odd order

Figure 5.5: Relative errors obtained by integrating the Gaussian curvature over the torus with
radii R = 2, r = 1, together with the ideal convergence lines hn.

(a) Even order (b) Odd order

Figure 5.6: Relative errors by integrating the Gaussian curvature over the unit sphere with the
ideal convergence lines hn.

For simple geometries such as the unit sphere and the torus, the exact volumes are 4
3 πr3 and

2π2Rr2, respectively. We use these analytic volumes as reference solutions. In the numerical
experiment, we choose

f(x1,x2,x3) = (0,0,x3)
T ,

so that ∇ · f = 1. Hence the enclosed volume is computed from the surface integral

|V |=
∫

Γ

f ·ndS =
∫

Γ

x3n3 dS,

where n3 is the third component of the outward unit normal. Thus, the quantity approximated
in the following plots is the scalar surface integral ∫

Γ
x3n3 dS, evaluated using the high-order

surface representation.
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Given the zero level set of the torus, the gradient ∇φ and its unit normal vector are given
by:

∇φ =

−2R
x1√

x2
1 + x2

2

+2x1,−2R
x2√

x2
1 + x2

2

+2x2,2x3



∥∇φ∥=

√√√√√
−2R

x1√
x2

1 + x2
2

+2x1

2

+

−2R
x2√

x2
1 + x2

2

+2x2

2

+(2x3)2

n =
∇φ

∥∇φ∥
, and nz =

2x3

∥∇φ∥

For the torus, this gives the explicit integrand

V =
∫

Γ

x3 ·
2x3√(

−2R x1√
x2

1+x2
2
+2x1

)2

+

(
−2R x2√

x2
1+x2

2
+2x2

)2

+(2x3)2

dS

(a) Even order (b) Odd order

Figure 5.7: Relative errors for the volume of the torus with radii R = 2, r = 1 with the ideal con-
vergence lines hn.

Figures 5.7 and 5.8 show the relative errors of the computed volume of the sphere and torus
with respect to the degree of the polynomial interpolation of the geometry, where the explicit
expression of the integrand is used. The convergence rates shown in the plots coincide with the
results predicted by Corollary 82.

However, as shown in Figure 5.9, numerical integration becomes unstable at higher polynomial
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(a) Even order (b) Odd order

Figure 5.8: Relative errors for the volume of the unit sphere with the ideal convergence lines hn.

degrees when the geometry is interpolated using equidistant nodes, due to the onset of Runge’s
phenomenon. This behavior can be explained by the fact that the Lebesgue constantΛ associated
with equidistant nodes grows exponentially [96].

(a) torus with radii R = 2,r = 1 (b) ellipsoid with a = b = 1,c = 0.6.

Figure 5.9: Relative errors by integrating the Gaussian curvature over the torus and the ellipsoid
using N∆ = 2528, N∆ = 6152 respectively.

5.4 Towards optimal interpolationnodedistributions on simplices
Interpolation at uniformly spaced nodes often exhibits undesirable oscillations, even for analytic
functions, as the polynomial degree increases. This effect, known as Runge’s phenomenon3, is
illustrated in Figure 5.10. While the problem of node distribution in tensor-product domains is
well addressed using Chebyshev or Gauss–Lobatto points, the extension of such strategies to
non-tensor-product domains, such as simplices, remains a challenging task.
3It arises because the Lebesgue constant Λ for equidistant nodes grows exponentially [96]
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5.4. Towards optimal interpolation node distributions on simplices 81

The construction of well-distributed interpolation nodes on simplices (e.g., triangles or tetrahe-
dra) is a long-standing problem in stable high-order polynomial interpolation [31, 75, 127, 140].
Classical approaches include Fekete-type points and optimization of Vandermonde determi-
nants, while more recent work has explored explicit and recursive constructions based on one-
dimensional node families. A central objective is to identify nodal sets with small Lebesgue
constants, since the Lebesgue constant quantifies the stability of the interpolation operator and
bounds the interpolation error relative to the best polynomial approximation. Despite this
progress, there is no universally accepted analogue of tensor-product Chebyshev–Lobatto grids
for general simplices that is simultaneously explicit, stable at high order, inexpensive to gener-
ate, and convenient for quadrature and differentiation.

An early attempt to construct optimal points on simplices was made by Bos [17], who proposed
determining the nodes by maximizing the determinant of the Vandermonde matrix formed
from L2-orthogonal polynomials. This approach, applied to polynomials of degree up to 7,
produced what are known as Fekete nodes. In the one-dimensional case, Fekete points coincide
with Gauss–Lobatto–Legendre (GLL) points [48]. Extensions of this methodology achieved
higher degrees, such as degree 13 in [30] and degree 18 in [21]. Although direct optimization
can produce high-quality node sets, it quickly becomes prohibitively expensive for higher de-
grees and in multiple dimensions. This has led to the exploration of alternative approaches
that avoid large-scale optimization. Among these, mapping-based techniques are especially
attractive, as an appropriate mapping allows interpolation, differentiation, and quadrature on
simplex elements to be performed using their corresponding reference hypercubes. The ap-
proach proposed by Karniadakis and Sherwin [81] achieves this by transforming quadrature
nodes from a quadrilateral to a triangle via a change of coordinates. While computationally
efficient, this method introduces asymmetry in the node distribution, causing points to cluster
disproportionately near one vertex of the triangle. In this chapter, we propose a newhypercube–
simplex mapping (see Subsection 5.5.1) that yields favorable distributions of interpolation and
quadrature points on the triangle, without sacrificing either accuracy or implementation effi-
ciency.

We compare these node-generation strategies using their Lebesgue constants, a quantitative
measure of interpolation stability. The constants were computed by evaluating (3.12) on a very
fine grid for two cases: maximal degree Chebyshev–Lobatto interpolation on the square [−1,1]2

and total degree interpolation on a uniform grid over the simplex△2. For total degree interpo-
lation in Fekete points on the triangle, we use the values reported in [21]. Figure 5.10 shows
the results. The Lebesgue constant for uniform triangle-grid interpolation increases rapidly
with polynomial degree, whereas that for Chebyshev–Lobatto interpolation grows much more
slowly. Fekete points perform only marginally worse, but are currently known only up to de-
gree 18 [21] for total degree interpolation and are unavailable for the tensorial maximal degree
setting.
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82 5. Integration on regular surfaces

(a) Lebesgue constant (b) Cheb2,n (c) Fekete points

Figure 5.10: Lebesgue constants for uniformly spaced points on the triangle, Fekete points,
and Chebyshev–Lobatto nodes (5.10a), together with the Chebyshev–Lobatto grid
(5.10b) and Fekete points (5.10c) for n = 8.

5.5 Stable high-order approximation of triangulated surfaces
To accommodate greater flexibility in mesh generation and avoid restrictive compatibility re-
quirements, we consider a non-conforming triangulation strategy for arbitrary dimensions d >

2. In this setting, vertices may be placed inside edges, and adjacent simplices do not need to
match exactly. We represent the surface through the decomposition

ρi : △d →Vi ⊆ Γ ,
K⋃

i=1

Vi = Γ , (5.53)

where each ρi is a diffeomorphism on the interior △̊d . Following the notation in Section 5.3,
we assume the smooth surface Γ is topologically equivalent to a d-dimensional non-conforming
polyhedral surface Γh made up of finitely many regular (flat) simplices of diameter h.

Γh =
⋃

T∈Th

T, with K = |Th|,

such that the maps ρi = πi ◦ τi : △d → Rd+1 induce a partition in Γ in the sense of (5.53).

The primary challenge in numerically approximating (5.5) lies in determining the unknown
derivatives Dρi that appear in the volume element. As noted in earlier sections, one approach
is to replace Dρi with those of a polynomial approximation obtained by interpolation at a pre-
scribed set of nodes in △d . Since the optimal placement of such nodes in simplices for stable,
high-order interpolation remains unresolved [31, 127], we instead reparametrize the geometric
functions ρi : △d → Rd+1 using a specific hypercube-to-simplex transformation, σ∗ : Ωd → △d ,
known as square-squeezing (Definition 84). This mapping enables stable, high-order polynomial
interpolation without relying on optimal node distributions in simplices. The reparametrized
functions ρi are then interpolated on each hypercube using k-th order tensorial Chebyshev–
Lobatto nodes, a choice well known for mitigating Runge’s phenomenon in regular interpola-
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Ti

πi

Vi

τi

△2

σ

[−1,1]2

Figure 5.11: Construction of a surface parametrization over△2 by closest-point projection from
a piecewise affine approximate mesh, and reparametrization over the square Ω2.

tion tasks.

Definition 84 (Re-parametrization over cubes). Let σ : Ωd → △d be a homeomorphism whose re-
striction σ|Ω̊d

: Ω̊d → △̊2 to the interior is a Cr-diffeomorphism, r ≥ 0. We call

ϕi : Ωd →Vi , ϕi = ρi ◦σ = πi ◦ τi ◦σ , i = 1, . . . ,K , (5.54)

a r-regular cubical reparametrization whenever the coordinate functions of ϕi are of bounded Chebyshev-
weighted rth-order directional variation in the sense of Definition 34, for all i = 1, . . . ,K.

By reparametrizing in this way, we can set up a hypercube mesh in parallel with the simplex
mesh, enabling the construction of arbitrarily stable high-order volume elements (HOVE) for
each cube. In this framework, the integral (5.5) is expressed in the form

K

∑
i=1

∫
Ωd

QGd,n

(
f ◦ϕi

)
(x)
√

det
((

DQGd,k ϕi(x)
)T DQGd,k ϕi(x)

)
dx, (5.55)

where QGd,k ϕi(x) is a kth-order polynomial that approximates the map ϕi, and QGd,n

(
f ◦ϕi

)
(x) is

an nth-order polynomial that approximates the integrand f : Γ → R.

5.5.1 The square-squeezing reparametrization map
For the hypercube–simplex reparametrization, wepropose to use the followingmultilinearmap.

Definition 85 (Square-squeezing). Let [0,1]d denote the d-dimensional unit cube with the vertex set
Ad,2. We define the map square-squeezing as σ∗ : [0,1]d → △d , which maps the corners γ ∈ Ad,2 =

{0,1}d to

σ∗(γ) =

(0, . . . ,0) if γ = (0, . . . ,0)
γ

∥γ∥1
otherwise,

and uses multilinear interpolation for the rest of the domain.

Note that all vertices of the simplex are mapped to themselves. In other words: σ∗ : [0,1]d →△d ,
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84 5. Integration on regular surfaces

(a) Standard hypercube (b) Duffy’s transformation (c) Square-squeezing

Figure 5.12: Multilinear cube–simplex transformations for d = 2 and d = 3: deformations
of equidistant grids (5.12a), under Duffy’s transformation (5.12b), and square-
squeezing (5.12c).

d ∈ N is given by

σ∗(x) = ∑
γ∈Ad,2

γ

|γ|
Φγ , Φγ =

d

∏
i=1

xγi
i (1− xi)

1−γi . (5.56)

Since, in this section, we operate on the standard cube Ωd ̸= [0,1]d , we re-scale x 7→ x̃ = (x1 +

1, . . . ,xm + 1)/2 for defining σ∗(x) := σ∗(x̃) on Ωd . For illustration, we consider the important
two-dimensional case in more detail:

Example 86 (Square-squeezing in two dimensions). We re-scale [−1,1]2 to [0,1]2 by setting x̃1 =

(x1 +1)/2, x̃2 = (x2 +1)/2. The square-squeezing transformation on [0,1]2 becomes

σ∗ : [0,1]2 →△2 , σ∗(x̃1, x̃2) =
(

x̃1 −
x̃1x̃2

2
, x̃2 −

x̃1x̃2

2

)T
. (5.57)

The inverse map σ−1
∗ : △2 → [−1,1]2 is given by

σ
−1
∗ (u,v) =

1+(u− v)−
√

(u− v)2 +4(1−u− v)

1− (u− v)−
√

(u− v)2 +4(1−u− v)

 . (5.58)

Both σ∗ and σ−1
∗ are continuous on Ωd ,△d , respectively, showing square-squeezing to be a homeomor-

phism. The square-root term in (5.58) is smooth for all (u,v) in△2\{(1
2 ,

1
2)}. Hence, the restriction to the

interiorσ∗| ˚[−1,1]2 : ˚[−1,1]2 →△̊2 is a diffeomorphism. Further, it is easy to show that ∥Dσ∗∥C0([−1,1]2) ≤ 1.
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5.5. Stable high-order approximation of triangulated surfaces 85

Example 87 (Square-squeezing in three dimensions). In dimension d = 3, we term σ∗ : Ω3 →△3,
(x,y,z) 7→ (u,v,w) cube-squeezing, visualized in Figure 5.12, explicitly given when re-scaling to [0,1]3

by

σ∗ : [0,1]3 →△3, σ∗(x̃1, x̃2, x̃3) =



(x̃1 −
x̃1x̃2

2
)(1− x̃3

2
+

x̃2x̃3

6
)

(x̃2 −
x̃1x̃2

2
)(1− x̃3

2
+

x̃1x̃3

6
)

(x̃3 −
x̃3x̃1

2
)(1− x̃2

2
+

x̃1x̃2

6
)


.

Remark 88. Note that the commonly used Duffy transformation [42]

σDuffy : [−1,1]2 →△2 , σDuffy(x,y) =
(1

4
(1+ x)(1− y) ,

1+ y
2

)
, (5.59)

collapses one entire edge of the square to the single vertex (0,1). Thus, σDuffy defines a homeomorphism
between the interiors, ˚[−1,1]2 and △̊2, but not between the closed sets, [−1,1]2 and △2. Consequently,
σDuffy can only transform interpolation or quadrature points from [−1,1]2 to△2 and back if none of these
points is on the collapsed edge of [−1,1]2 or the point (0,1) of △2, excluding the case of Chebyshev–
Lobatto nodes (3.2) that are commonly considered as the optimal choice for interpolation tasks on hy-
percubes.

We now construct stable polynomial approximations of the geometry functions ρi : △d →Rd+1.
The resulting approximation can be pulled back to the triangle domain via σ−1 :△d →Ωd .

Definition 89 (local r-regular cubical reparametrization). Building on the previous setup, we define
the local r-regular cubical reparametrization of the surface Γ. Let ϕi = ρi ◦σ = πi ◦τi ◦σ : Ωd → T̃ be the
corresponding local parametrization of T̃ , for i = 1, . . . ,K. Recall that the partition Th of Γh induces the
partition T̃h = {T̃}T∈Th of Γ.

WedefineQGd,k ϕi as the kth-order vector-valuedpolynomial interpolation of themappingϕi:

QGd,k : C0(Ωd)−→ Πd,k, ϕ 7→ QGd,k ϕ, QGd,k ϕi (x) = ∑
ααα∈Gd,k

pααα∈Chebd,k

ϕi(pααα)Lααα . (5.60)

Definition 90 (kth-order cubical reparametrization). Given an r-regular cubical reparametrization
mesh (5.54). We say that the mesh is of order k if each element has been provided as a set of nodes
{ϕi(pααα)}ααα∈Gd,k sampled at {pααα}ααα∈Gd,k .

This implies that on each element, we can approximate the r-regular cubical reparametriza-
tion maps through interpolation using the nodes {ϕi(pααα)}ααα∈Gd,k . For every triangle T ∈ Th,
we compute {ϕi(pααα)}ααα∈Gd,k and define a k-th order d-dimensional triangle T̃ k by applying La-
grange/Newton interpolation of order k to the coordinates of the projected nodes {ϕi(pααα)}ααα∈Gd,k .

Given QGd,k ϕ for all T ∈ Th, we have successfully obtained a k-th order discrete approximation
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86 5. Integration on regular surfaces

(a) 1st kind Chebyshev nodes (b) 2nd kind Chebyshev nodes

(c) 1st kind Chebyshev nodes (d) 2nd kind Chebyshev nodes

Figure 5.13: Comparison of Chebyshev points of the first and second kinds (degree deg = 20)
mapped onto a simplex using two different mapping techniques: the Duffy map
(Figure 5.13a and 5.13b) and the square-squeezing map (Figure 5.13c and 5.13d).

Γh,k of the continuous surface Γ:

Γh,k :=
⋃

T∈Th

QGd,k ϕ (T ) =
⋃

T∈Th
pααα∈Chebd,k

∑
ααα∈Gd,k

ϕi(pααα)Lααα . (5.61)

Remark 91. We highlight that Chebyshev nodes of the second kind provide higher approximation power
compared to those of the first kind, as reflected in the corresponding Lebesgue constants, as discussed
in Section 3.5. Moreover, any version of Chebyshev nodes (or other interpolation nodes) that exclude
the endpoints still leads to clustering near the upper corner when the Duffy transformation is applied.
For instance, in Figure 5.13, we compare Chebyshev points of the first and second kinds and observe the
clustering effect in the upper corner under the Duffy transformation.

In addition, polynomials on Chebyshev nodes of the second kind offer a notable advantage: they enable the
use of the Fast Fourier Transform (FFT) for differentiation, resulting in an O(N logN) implementation
(see Section 5.6). Additionally, these grids provide a slight edge in terms of their ability to approximate
smooth functions.
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5.5. Stable high-order approximation of triangulated surfaces 87

5.5.2 HOVE integration errors

We derive the integration error for replacing the surface geometry ϕi and the integrand f by
Chebyshev–Lobatto interpolants QGd,k ϕi, QGd,n( f ◦ϕi), respectively. As we show in Corollary 95,
the resulting closed form expression of the integral can be computed precisely by high-order
quadrature rules:

∫
Γ

f dS ≈
K

∑
i=1

∫
Ωd

QGd,n( f ◦ϕi)(x)
√

det
(
(DQGd,k ϕi(x))T DQGd,k ϕi(x)

)
dx

≈
K

∑
i=1

∑
p∈P

ωp QGd,n( f ◦ϕi)(p)
√

det
(
(DQGd,k ϕi(p))T DQGd,k ϕi(p)

)
. (5.62)

We start by bounding the approximation error of the geometry.

Lemma 92. Let Γ be a d-dimensional Cr+1-surface, r ≥ 1, and ϕi = ρi ◦σ : Ωd → Rd+1, i = 1, . . . ,K be
a r-regular cubical reparametrization, Definition 84. Let QGd,k ϕi be the vector-valued tensor-polynomial
interpolant of ϕi in the Chebyshev–Lobatto grid Chebd,k.

i) The Jacobians of ϕi and its interpolant QGd,k ϕi differ by

∥Dϕi −DQGd,k ϕi∥C0(Ωd) ≤
4ed2Vϕ,r

π(r−d −1)

(
k+1

k+1− r

)r+1

· 1
kr−d−1 , (5.63)

where Vϕ,r is the maximum Chebyshev-weighted rth-order directional variation of the coordinate
functions of ϕi.

ii) The difference of the volume elements is bounded by

∥∥√det(Φi)−
√

det(Ψi)
∥∥

C0(Ωd)
≤ dCd−1 ∥Dϕi −DQGd,k ϕi∥C0(Ωd) ,

where Φi = (Dϕi)
T Dϕi, Ψi = (DQGd,k ϕi)

T DQGd,k ϕi.

Proof. i) follows directly from Corollary 47, (3.27), whereas ii) can be estimated in terms of
singular values. For Φi = DϕT

i Dϕi, Ψi = (DQGd,k ϕi)
T DQGd,k ϕi. let σ1(·) ≥ ·· · ≥ σd(·) denote the

singular values. Then

√
det(Φi) =

d

∏
j=1

σ j(Dϕi),
√

det(Ψi) =
d

∏
j=1

σ j(DQGd,k ϕi). (5.64)

By the mean-value inequality for products,

∣∣√det(Φi)−
√

det(Ψi)
∣∣ ≤ d

∑
ℓ=1

|σℓ(Dϕi)−σℓ(DQGd,k ϕi)| ∏
j ̸=ℓ

max{σ j(Dϕi),σ j(DQGd,k ϕi)}. (5.65)
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88 5. Integration on regular surfaces

Now σ j(Dϕi)≤ ∥Dϕi∥ and, for k large enough,

σ j(DQGd,k ϕi)≤ ∥DQGd,k ϕi∥C0(Ωd)

≤ ∥Dϕi∥C0(Ωd)+∥DQGd,k ϕi −Dϕi∥C0(Ωd)

≤ ∥Dϕi∥C0(Ωd)+1.

We set C := maxi=1,...,K ∥Dϕi∥C0(Ωd)+1 and obtain

∣∣√det(Φi)−
√

det(Ψi)
∣∣≤ d

∑
k=1

|σk(Dϕi)−σk(DQGd,k ϕi)|Cd−1

≤ dCd−1 ∥Dϕi −DQGd,k ϕi∥C0(Ωd),

where we used Weyl’s inequality for the second line.

With the help of the previous result, we bound the integration error.

Theorem 93 (Integration error). Let the assumptions of Lemma 92 be satisfied, and let k,n ∈N denote
the interpolation degrees used for the geometry and the integrand, respectively. Thus QGd,k ϕi denotes the
tensor-polynomial interpolant of the geometry map ϕi on the grid Chebd,k, while QGd,n( f ◦ϕi) denotes the
tensor-polynomial interpolant of the local scalar pullback f ◦ϕi on the grid Chebd,n. Let f : Γ → R be
such that its local pullbacks f ◦ϕi have bounded Chebyshev-weighted rth-order directional variation, and
set Vf ,r := maxiVf◦ϕi,r. Then the integration error induced by approximating the geometry ϕi and the
integrand f ◦ϕi is

∣∣∣∫
Γ

f dS−
K

∑
i=1

∫
Ωd

QGd,n( f ◦ϕi)(x)
√

det
(
(DQGd,k ϕi(x))T DQGd,k ϕi(x)

)
dx
∣∣∣

≤ ε f vol(Γ)+ ε f εϕvol(Ωd)+∥ f∥C0(Γ)εϕ vol(Ωd) = O
( 1

nr−d+1

)
+O

( 1
kr−d−1

)
,

where vol(Γ) and vol(Ωd) denote the volumes of Γ and Ωd , respectively, and

ε f =
4ed2Vf ,r

π(r−d +1)

(
n+1

n+1− r

)r+1

· 1
nr−d+1 , µϕ =

4ed2Vϕ,r

π(r−d −1)

(
k+1

k+1− r

)r+1

· 1
kr−d−1 ,

with
εϕ = dCd−1

µϕ , C := max
i=1,...,K

∥Dϕi∥C0(Ωd)+1 Vϕ,r = max
i=1,...,K

Vϕi,r .

Proof. We set Φi = (Dϕi)
T Dϕi and Ψi = (DQGd,k ϕi)

T DQGd,k ϕi. Adding and subtracting the inter-
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polated integrand and the interpolated volume element gives

∣∣∣∫
Γ

f dS−
K

∑
i=1

∫
Ωd

QGd,n( f ◦ϕi)(x)
√

det(Φi(x))dx
∣∣∣

≤
K

∑
i=1

∫
Ωd

∣∣ f (ϕi(x))−QGd,n( f ◦ϕi)(x)
∣∣√det(Ψi(x))dx

+
K

∑
i=1

∫
Ωd

∣∣ f (ϕi(x))−QGd,n( f ◦ϕi)(x)
∣∣ ·∥∥∥√det(Φi(x))−

√
det(Ψi(x))

∥∥∥
C0(Ωd)

dx

+
K

∑
i=1

∫
Ωd

∣∣ f (ϕi(x))
∣∣ ·∥∥∥√det(Φi(x))−

√
det(Ψi(x))

∥∥∥
C0(Ωd)

dx

≤ ε f vol(Γ)+ ε f εϕvol(Ωd)+∥ f∥C0(Γ)εϕvol(Ωd) .

The first term is controlled by the interpolation error of f ◦ϕi, while the second and third terms
are controlled by the volume-element estimate of Lemma 92. The estimates for ε f , εϕ , µϕ follow
from Corollary 47 and Lemma 92, concluding the proof.

To the best of our knowledge, this estimate is the first to guarantee convergence to the correct
integral solely by increasing the polynomial order. In contrast, as demonstrated in the pre-
vious section, numerical methods for surface integration that rely on equidistant points only
show:

E( f ,Γ)≤Chmin{k̂,n̂}, C =C(n,k, f ,Γ)> 0 , (5.66)

where

k̂ =

k+1, k ≡ 1 (mod 2)

k+2, k ≡ 0 (mod 2)
, n̂ =

n+1, n ≡ 1 (mod 2)

n+2, n ≡ 0 (mod 2)
,

and h > 0 is the mesh size. Here, the constant C explicitly depends on the degrees n and k.
Notably, the influence of f on the interpolation error cannot be controlled, as f is problem-
dependent. Consequently, C(n,k, f ,Γ)→ ∞ with n,k → ∞, in contrast to Theorem 93, no guaran-
tees of higher accuracy or even convergence is given for p-refinements, increasing n, k. Addi-
tionally, the approximation rate is only algebraic in the mesh size h.

If, furthermore, both the integrand and the surface are analytic, then by applying equation (3.41)
and equation (3.42), it follows that the integration error decreases exponentially:

E( f ,Γ)≤ MR−min{n,k}, for some R > 1, M = M( f ,Γ)> 0. (5.67)

Corollary 94 (Integration error for vector-valued fluxes). Let f : Γ →R3 be a vector-valued function
and set

F(x) := f(x) ·n(x) .

Using the same interpolation degrees n and k as in Theorem 93, if F has bounded Chebyshev-weighted
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90 5. Integration on regular surfaces

rth-order directional variation VF,r, then the scalar estimate of Theorem 93 applied to F yields∣∣∣∫
Γ

f ·dS−An,k(F)
∣∣∣≤ εFvol(Γ)+ εFεϕvol(Ωd)+∥F∥C0(Γ)εϕ vol(Ωd)

= O
( 1

nr−d+1

)
+O

( 1
kr−d−1

)
.

where An,k(F) denotes the HOVE approximation in Theorem 93 with the scalar integrand F , and

εF =
4ed2VF,r

π(r−d +1)

(
n+1

n+1− r

)r+1

· 1
nr−d+1 .

Proof. The flux integral satisfies ∫
Γ

f ·dS =
∫

Γ

f ·ndS =
∫

Γ

F dS.

The claim follows by applying Theorem 93 to the scalar function F .

The approximated integral (5.62) can now be evaluated using an appropriate quadrature rule.
Two principal approaches are available: onemay apply a quadrature rule directly on the cubical
domain Ωd , or alternatively employ a simplex-based rule and map it back to Ωd via the inverse
of the square-squeezing transformation σ∗ (which amounts to integrating over the original tri-
angulation {ρi} of Γ). In the latter case, we obtain the following result:

Corollary 95 (Quadrature rule error). Under the assumptions of Theorem 93, letΦi =(Dϕi)
T Dϕi and

Ψi = (DQGd,k ϕi)
T DQGd,k ϕi. The degrees n and k have the same meaning as in Theorem 93: QGd,n( f ◦ϕi)∈

Πd,n approximates the scalar pullback of the integrand, while QGd,k ϕi approximates the geometry. For the
truncation index l ∈N used in the polynomial approximation of the square-root factor, there is 0 < v < 1,
independent of l, such that for 1 ≤ l large enough:

i) Let p ∈ P,ωp be the points and weights of the tensorial Gauss–Legendre quadrature on Ωd [125] of
order N ∈ N, integrating any polynomial Q ∈ Πd,M of l∞-degree M = 2kdl +n exactly. Then

∫
Ωd

QGd,n( f ◦ϕi)(x)
√

det
(
(DQGd,k ϕi(x))T DQGd,k ϕi(x)

)
dx

= ∑
p∈P

ωpQGd,n( f ◦ϕi)(p)
√

det
(
(DQGd,k ϕi(p))T DQGd,k ϕi(p)

)
+O(vl+1) . (5.68)

ii) Let σ : Ωd →△d be a cube–simplex transformation diffeomorphic in the interior Ω̊d , P∗ = {p∗ =

σ−1(q) : q ∈ P ⊆ △̊d}, ωp∗ = ωq
√

det((Dσ−1(q))T Dσ−1(q)) be the σ -pull-back rule of a simplex
rule of order N∗ ∈ N, integrating any polynomial Q ∈ Πd,M of l∞-degree M = 2kdl + n exactly on
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△d . Then∫
△d

QGd,n( f ◦ϕi)(σ
−1(y))

√
det
(
(Dρi(y))T Dρi(y)

)
dy

= ∑
p∗∈P∗

ωp∗QGd,n( f ◦ϕi)(p∗)
√

det
(
(DQGd,k ϕi(p∗))T DQGd,k ϕi(p∗)

)
+O(εiIi,Ωd )+O(vl+1) ,

(5.69)

with εi = ∥
√

det(Φi)−
√

det(Ψi)∥C0(Ωd) as in Lemma 92 and Ii,Ωd =
∫

Ωd
QGd,n( f ◦ϕi)(x)dx.

Proof. To prove i), we choose κ > ∥
√

det(Ψi)∥C0(Ωd) and rewrite:

κ

√
det
( 1

κ2 Ψi(x)
)
= κ

√
1+ x , x =

1
κ2 det(Ψi(x))−1 .

We recall that√1+ x = ∑
∞
s=0

(−1)s2s!
(1−2s)(s!)2(4s)

xs, for |x|< 1, and deduce that

∫
Ωd

QGd,n( f ◦ϕi)(x)κ
√

det(
1

κ2 Ψi(x))dx =
∫

Ωd

QGd,n( f ◦ϕi)(x)Q(x)dx+O(vl+1) ,

where Q has l∞-degree M − n. Hence, ∫
Ωd

QGd,n( f ◦ϕi)(x)Q(x)dx = ∑p∈P ωpQGd,n( f ◦ϕi)(p)Ql(p)

can be computed exactly due to the Gauss–Legendre quadrature of order N. Consequently, i) is
proven. Now ii) follows from i) by
∫
△d

QGd,n( f ◦ϕi)(σ
−1(y))

√
det
(
(Dρi(y))T Dρi(y)

)
dy

=
∫
△d

QGd,n( f ◦ϕi)(σ
−1(y))

√
det
(
(Dσ−1(y))T (Dϕi(σ−1(y)))T Dϕi(σ−1(y))Dσ−1(y)

)
dy

=
∫
△d

QGd,n( f ◦ϕi)(σ
−1(y))

√
det(Ψi(σ−1(y)))det(Dσ−1(y)T Dσ−1(y))dy

+
∫

Ωd

QGd,n( f ◦ϕi)(x)
(√

det(Φi(x))−
√

det(Ψi(x))
)

dx

= ∑
p∗∈P∗

ωp∗QGd,n( f ◦ϕi)(p∗)
√

det(Ψi(p∗))+O(εiIi,Ωd )+O(vl+1) ,

proving the statement.

Remark 96. In fact, Corollary 95 ii) applies for the square-squeezing transformation σ∗ and Duffy trans-
formation σDuffy in combination with the symmetric Gauss quadrature q ∈ P,ωq of the triangle △2 [43]
(both are diffeomorphisms in the interior Ω̊2 and P ⊆ △̊2).

While Corollary 95 suggests the necessity of a high order quadrature, M ≫ k,n, as part of the
next section, we empirically find that choosing M = k = n equally to the interpolation degrees
suffices for achieving computations reaching machine precision.

The derived error bounds indicate that the integration error can decay algebraically or even
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92 5. Integration on regular surfaces

exponentially with increasing interpolation degree. To validate these theoretical predictions,
we present several numerical experiments that demonstrate the performance of the proposed
method across different integration tasks. We focus on the important case of two-dimensional
surfaces exclusively.

5.5.3 Computational results
We triangulate these surfaces by first approximating them by piecewise affine triangulations
in R3, constructed by the algorithm of Persson and Strang [103]. The flat triangles are then
equipped with the Euclidean closest-point projections, approximating the maps πi : Ti → Γ as
described in Section 4.2.2.

We compare HOVE with the Dune-CurvedGrid (DCG) method, a Dune4 module for surface
parametrization [106]. As discussed in [147], DCG interpolates the closest-point projection
directly on each triangle, using l1-degree polynomials on a uniform point set.

Unless stated otherwise, HOVE uses square-squeezing pull-backs of symmetric Gauss trian-
gle rules [43] as quadratures on [−1,1]2 (Corollary 95 ii)). Similarly, for DCG, we also make
use of symmetric Gauss triangle rules of the same degree as used in HOVE. Our implementa-
tion of HOVE is part of a Python package called surfgeopy.5 The examples and results of this
subsection using Dune-CurvedGrid are summarized and made available in a separate reposi-
tory.6

Unless stated otherwise, the relative errors in this subsection are measured against analytical
reference values for the prescribed surface integrals. The polynomial degree denotes the de-
gree used for the geometry representation, and the quadrature degree is chosen to match the
approximation degree except in experiments where a fixed rule is explicitly specified. Runtime
comparisons use the implementations and repositories cited above.

Duffy-transform integration vs square-squeezing integration
This first experiment investigates the impact of interpolating the volume element of the sphere
with Chebyshev nodes of the 1st or 2nd kind in conjunctionwith theDuffy and square-squeezing
transformations, respectively, and subsequently computing the area of one octant of the unit
sphere. Here, Fejér’s rule is applied for 1st kind Chebyshev nodes, while Clenshaw–Curtis
quadrature is employed for 2nd kind Chebyshev nodes, each of order equal to the interpola-
tion degree.

Figure 5.14c shows the resulting relative errors. In both cases, we observe exponential error de-
cay. However, square-squeezing integration achieves two orders of magnitude higher accuracy.
Specifically, for deg = 20 Duffy-transform-integration results in an error of 2.4736×10−13, while
4www.dune-project.org
5https://github.com/casus/surfgeopy
6https://github.com/casus/dune-surface_int
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(a) Chebyshev nodes of the 1st kind mapped by
the Duffy transformation.

(b) Chebyshev nodes of the 2nd kind mapped by
square-squeezing.

(c) Square-squeezing integration with 2nd kind
Chebyshev nodes vs Duffy integrationwith 1st

kind Chebyshev nodes.

(d) Square-squeezing integration vs Duffy-
transform integration using 1st kind Cheby-
shev nodes in both cases.

Figure 5.14: Chebyshev nodes mapped onto a triangulation of one octant of the unit sphere
(5.14a), (5.14b), together with the relative errors of square-squeezing integration
(5.14c) and Duffy-transform integration (5.14d).

square-squeezing-integration achieves 4.4409× 10−16. Additionally, comparing both transfor-
mations while using 1st kind Chebyshev nodes, Figure 5.14d still shows an advantage in ex-
ploiting square-squeezing instead of the Duffy transformation.

This significant enhancement in accuracy for a simple integration task suggests the impact of
the HOVE approach, which is investigated further below.

Integration on a single triangle

In the first experiment, we investigate the impact that the square–triangle transformation has
on the integration performance. For this we compute the integral of a function f : [−1,1]2 → R
on the standard square using three different quadrature rules (all of degree 14):

1. The tensorial Gauss–Legendre rule (196 points),
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94 5. Integration on regular surfaces

(a) Integration errors (b) Triangle rule (c) Duffy
(d) Square-

squeezing

Figure 5.15: (5.15a): The integration errors of f (x1,x2) = sin(λx1) as a function of the param-
eter λ . (5.15b): Quadrature points and weights (indicated by the color bar) of
the symmetric Gauss quadrature rule [43] of degree n = 14 on △2. Same for the
resulting pull-back rules of the inverse Duffy transformation (5.15c), and inverse
square-squeezing (5.15d). The color bar indicates the quadrature weights.

2. The symmetric Gauss rule for the triangle [43], pulled back to [−1,1]2 via the square-
squeezing map σ∗ (42 points), as in Corollary 95 ii).

3. The same rule, but pulled back by Duffy’s transformation σDuffy (also 42 points), again as
in Corollary 95 ii).

As the integrand, we use the function

f (x1,x2) = sin(λx1) , λ ∈ R,

that, by symmetry, vanishes when being integrated over [−1,1]2 for all parameter choices λ ∈
R.

Figure 5.15 shows the absolute integration errors as a function of λ in the range [10−11,104],
appearing as linearly depending on λ for values below 1. For larger values the quadrature rule
cannot resolve the oscillatory integrand, and the error is essentially random.

Integration with respect to square-squeezing shows almost two orders of magnitude better ac-
curacy than integration with respect to Duffy’s transformation for small values of λ . Addition-
ally, it shows a one-order-of-magnitude enhancement in accuracy compared to integration using
tensorial Gauss–Legendre quadrature.

Figure 5.15 also shows the points andweights of the two pulled-back simplex rules. We observe
that the weights are in the same range for both square-squeezing and the Duffy transformation.
The results, however, suggest that the σ∗–pullback rule is the superior choice.

Surface area
The next experiment is the first to involve an actual integration over a surface S. We integrate
the constant function f = 1 over the unit sphere S2 and the torus T 2

r,R with inner radius r = 1 and
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5.5. Stable high-order approximation of triangulated surfaces 95

(a) Unit sphere (b) Torus with radii r = 1 and R = 2

Figure 5.16: Relative errors of DCG and HOVE for the surface area of the unit sphere and the
torus, using three different meshes

(a) Unit sphere (b) Torus with radii r = 1 and R = 2

Figure 5.17: Relative errors of HOVE, using Vioreanu–Rokhlin, Xiao–Gimbutas, symmetric
Gauss, and Grundmann–Moeller simplex rules, integrating the surface areas of the
unit sphere and the torus.

outer radius R = 2. The expected result is the surface area, which is 4π for the unit sphere and
4π2rR for the torus. We choose initial triangulations of size N∆ = 124 for the sphere and of size
N∆ = 260 for the torus and apply the symmetric Gauss quadrature rule for the triangle △2 of
deg = 14 with 42 quadrature points [43].

Note that as the integrand f is constant, its approximation QGd,n is f itself, and there is no ap-
proximation error.

Figure 5.16 shows the relative errors with respect to the degree of the polynomial interpolation
of the geometry. HOVE stably converges to machine precision with a high algebraic rate, as
predicted by Theorem 93. In contrast, DCG becomes unstable for orders larger than deg = 8.
We interpret the instability as the appearance of Runge’s phenomenon caused by the choice of
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96 5. Integration on regular surfaces

Table 5.1: Mesh data
mesh # vertices # vertices for IDS [109]
0 272 544
1 1088 1896
2 4352 7528
3 17 408 31 392

Figure 5.18: Relative errors of IDS [109], DCG, and HOVEk for the surface area of the torus,
using a polynomial of degree 6, are presented on four different meshes, as detailed
in the table on the left.

equidistant interpolation nodes for DCG. Compare this with the plot of the Lebesgue constants
in Figure 5.10. There, the difference between the constants for Chebyshev–Lobatto interpolation
on the square and uniform interpolation on the triangle becomes noticeable around the order
k = 6.

Furthermore, for each initial mesh, we use HOVE with square-squeezing pull-backs applied
to state-of-the-art simplex quadrature rules. These rules include the symmetric Gauss rule
[43], Grundmann–Möller quadrature [62], Xiao–Gimbutas quadrature [144], and Vioreanu–
Rokhlin simplex quadrature [139], which are employed as quadratures on [−1,1]2 (Corollary 95,
item ii)). Figure 5.17 shows the relative errors, demonstrating the superior accuracy of HOVE
with Vioreanu–Rokhlin quadrature, but only in the range of machine precision (10−14 ∼ 10−15)
for higher polynomial degrees. In contrast, theGrundmann–Möller quadrature performspoorly,
which might be attributed to the presence of both negative and positive weights.

Remark 97. In the case of the torus Ray et al. [109], conducted a very similar experiment for tori of
radii r = 0.7, R = 1.3, using the High-Order Integration over Discrete Surfaces (IDS) algorithm
[109, Figure 5], resting on total l1-interpolation degree k, with maximum choice k = 6. We perform the
same experiment here for DCG and HOVE with interpolation degree k = 6, employing an initial mesh
composed of 544 triangles or equivalently 272 vertices. We subsequently refine the mesh three times,
resulting in similar but coarser meshes than the ones reported by [109] Figure 5.18 reports the mesh sizes
and the relative errors of all methods. Even though IDS uses meshes of higher resolution, both DCG and
HOVE outperform IDS. For the rest of this section, we will therefore disregard the IDS algorithm and
only compare DCG and HOVE, whereas, for the sake of simplicity, the latter is executed for symmetric or
tensorial Gauss rules.
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(a) Spherical harmonic Y 4
5 (b) Integration errors

Figure 5.19: Visualization of the spherical harmonic Y 4
5 (left). Integration errors of DCG and

HOVE with respect to the interpolation degree. Abbreviations: HOVEk – interpo-
lating only the geometry, HOVEk,n – interpolating the geometry and the integrand.

Spherical harmonics

The next experiment uses a non-constant integrand. We integrate the 4th-order spherical har-
monic, visualized in Figure 5.19, over the unit sphere

∫
Γ

Y 4
5 dS = 0 , Y 4

5 (x1,x2,x3) =
3
√

385(x4
1 −6x2

2x2
1 + x4

2)x3

16
√

π
,

vanishing by the L2-orthogonality of the spherical harmonics. We approximate the unit sphere
by a piecewise flatmeshwith 496 triangles and compareDCG,HOVE, andHOVEwith theDuffy
transformation. The actual integration is performed using a symmetric Gauss triangle rule [43]
of order deg = 25. Figure 5.19 (right) shows the absolute integration errors as a function of the
polynomial degree for two interpolation scenarios:

1. HOVEk – only interpolating the geometry and sampling the integranddirectly in the quadra-
ture nodes of a degree-k-rule.

2. HOVEk,n – interpolating the integrand and the geometry with degree n = k and subse-
quently computing the approximated integral by a degree-k rule.

Both HOVEk and HOVEk,n converge with exponential rates, 0.05 ·30−n fitted for HOVEk, as pre-
dicted by Theorem 93. The best fit of an algebraic rate, 9.5 · n−17, does not assert rapid conver-
gence.

The exponential and algebraic approximation rates of HOVE are fitted using the models y =

cρ−n, y = an−b, respectively, both achieving an R2 value of at least 0.99. We observe that all
three methods behave similarly for interpolation degrees below 9. For higher degrees, DCG be-
comes unstable, whereasHOVE reaches machine precision for degrees above 10. HOVE reaches
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one-order-of-magnitude higher accuracywhen using square-squeezing instead of Duffy’s trans-
formation.

Integrating the Gauss curvature

(a) Ellipsoid with 4024 triangles (b) Integration errors

Figure 5.20: Gauss–Bonnet validation for an ellipsoid with a = 0.6, b = 0.8, c = 2.

In this experiment, we use the Gauss curvature as a non-trivial integrand. By the Gauss–Bonnet
theorem [107, 122], integrating the Gauss curvature over a closed surface yields∫

Γ

KGauss dS = 2πχ (Γ) , (5.70)

where χ (Γ) denotes the Euler characteristic of the surface. We use five surfaces as integration
domains. They are given as the zero sets of the following five polynomials:

1) Ellipsoid x2

a2 +
y2

b2 +
z2

c2 = 1, a,b,c ∈ R\{0}
2) Torus (x2 + y2 + z2 +R2 − r2)2 −4R2(x2 + y2) = 0, 0 < r < R ∈ R
3) Genus 2 surface 2y(y2 −3x2)(1− z2)+(x2 + y2)2 − (9z2 −1)(1− z2) = 0
4) Dziuk’s surface (x− z2)2 + y2 + z2 −1 = 0

5) Double torus (
(x2 + y2)2 − x2 + y2

)2
+ z2 −a2 = 0, a ∈ R\{0}

The surfaces, their parameter choices, and the mesh sizes are shown in Figure 5.20–5.24. The
Gauss curvature is computed symbolically from the implicit surface descriptions using Math-
ematica 11.3. HOVE and DCG use (square-squeezing pull-backs of) the symmetric Gauss sim-
plex rules [43] of order 14.

We keep the experimental design from Section 5.5.3 and plot the errors as functions of the poly-
nomial degree in Figure 5.20–5.24. BothHOVEk andHOVEk,n rapidly convergewith exponential
rates to the correct value 2πχ(Γ), except for the thin ellipsoid in Figure 5.20a, where both reach
super-algebraic rates. In contrast, DCG fails to reach machine-precision accuracy in all of the
cases and becomes unstable when using interpolation degrees k larger than 8.
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5.5. Stable high-order approximation of triangulated surfaces 99

(a) Dziuk’s surface with 8088 triangles (b) Integration errors for Dziuk’s surface

Figure 5.21: Gauss–Bonnet validation for Dziuk’s surface.

(a) Torus with 1232 triangles (b) Torus with radii R = 2, r = 1

Figure 5.22: Gauss–Bonnet validation for a torus with radii R = 2, r = 1.

(a) Double torus with 8360 triangles (b) Double torus

Figure 5.23: Gauss–Bonnet validation for a double torus with a = 0.2.
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100 5. Integration on regular surfaces

(a) Genus 2 surface, with 15632 triangles (b) Genus-2 surface

Figure 5.24: Gauss–Bonnet validation for a genus 2 surface.

(a) Biconcave disc c = −0.934, d = 0.80, with
5980 triangles.

(b) Biconcave disc c = 0.375, d = 0.5 with 3144 trian-
gles.

Figure 5.25: Gauss–Bonnet validation for biconcave discs approaching a vertex singularity. The
Gauss curvature ranges between [−4.8 ·10−1] and [4.0], Figure 5.25a, and [−8.3] and
[3.2 ·103], Figure 5.25b
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5.5. Stable high-order approximation of triangulated surfaces 101

A geometry with a near-singularity
The geometries of the previous section have all beenwell-behaved. In contrast, in this sectionwe
now test HOVE on a surface that is close to being singular. For this, we consider the biconcave
discs shown in Figure 5.25, which are the zero sets of the polynomial

Pbicon(x,y,z) = (d2 + x2 + y2 + z2)3 −8d2(y2 + z2)− c4, c < d ∈ R\{0}.

As long as the parameters c,d are chosen such that 0 ̸∈ Pbicon the surfaces are smooth. We con-
sider the two cases c = −0.934, d = 0.8 and c = 0.375, d = 0.5, for which the Gauss curvature
ranges between [−4.8 · 10−1] and [4.0], and [−8.3] and [3.2 · 103], respectively, see Figure 5.25b.
In the latter case, the Gauss curvature increases rapidly by four orders of magnitude when ap-
proaching the center, mimicking cone-like singularities [60] as a challenge for high-accuracy
integration.

(a) Biconcave disc, c =−0.934, d = 0.8 (b) Biconcave disc, c = 0.375, d = 0.5

Figure 5.26: Gauss–Bonnet validation for HOVE and DCG in case of biconcave discs.

Figure 5.26a shows the Gauss–Bonnet results for the low-curvature case of Figure 5.25a, with
HOVEk,HOVEk,n as in Section 5.5.3. BothHOVE andDCG converge exponentially up to deg = 9,
but DCG has a slower rate, resulting in 5 orders of magnitude higher precision for HOVE. For
higher orders, the HOVE error tends to plateau close to a machine precision level. As in the
earlier experiments, DCG becomes unstable in this high-order range.

For the vertex-singularity case in Figure 5.25b, high-order convergence is lost on a uniform sur-
face mesh, independently of the polynomial order employed. In such situations, local mesh re-
finement in the vicinity of the vertex singularity combined with high-order approximation can
be used to recover improved accuracy. To mitigate this effect, we apply a local refinement strat-
egy concentrated near the vertex singularity. Specifically, the mesh is refined only in a neigh-
borhood of that point, resulting in a mesh with 4414 triangles.

The resulting errors are shown in Figure 5.27a. The local refinement restores the expected ex-
ponential convergence behavior for both HOVE and HOVEk,n, with errors closely following the
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model curve 0.0119×5.7−n until reaching machine precision. In contrast, the DCG method ini-
tially improves but loses stability for higher polynomial degrees and stagnates at significantly
larger error levels. Overall, HOVE and HOVEk,n outperform DCG by several orders of magni-
tude while maintaining stable behavior even for high interpolation degrees.

(a) h−refinement (b) p−refinement

Figure 5.27: Gauss–Bonnet validation for the biconcave disc of Figure 5.25b following a h-
refinement strategywith 4414 triangles (5.27b) and a p-refinement strategy for 3144
triangles (5.27b).

As HOVE imposes no restrictions on the polynomial degree, we revisit the initial mesh, con-
sisting of 3144 triangles, and increase the geometry approximation degree up to k = 1, . . . ,40.
To simplify the integration process, we employ a tensorial Gauss–Legendre quadrature rule of
order k equally to the interpolation degrees k = n.

Figure 5.27b shows that HOVE achieves exponential convergence under p-refinement until ma-
chine precision is reached. These results confirm that the proposed HOVE strategy provides a
robust framework for integrating over surfaces containing geometric singularities. By combin-
ing high-order approximation with localized hp-adaptivity, HOVE achieves stable exponential
convergence even in the vicinity of the vertex singularity, significantly outperformingDCG.

Mesh quality
Since the integration error measured here involves in particular the error of approximating the
geometry by polynomials it is reasonable to ask whether the integration error depends on the
quality of the triangulation of S. To investigate this, we repeat the Gauss–Bonnet validation one
final time for the torus of Figure 5.16b.

We generate two meshes for the torus geometry, both with 1232 triangles, shown in Figure 5.28
together with a plot giving the distributions of the interior angles. One of the grids is of high
quality, with all angles near 60◦. The second mesh was deliberately constructed to be of low
quality, featuring a wide range of angles, and even triangles with inverted orientation.

We evaluate the performance of DCG and HOVE based on square-squeezing and on Duffy’s
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5.5. Stable high-order approximation of triangulated surfaces 103

(a) Low-quality mesh with folded triangles (b) High-quality mesh

(c) Angles of the two meshes (d) Integration errors

Figure 5.28: Effect of mesh quality on Gauss curvature integration over a torus with radii
r = 1, R = 2. Both low- and high-quality meshes contain 1232 triangles. Abbre-
viations: LMSST/HMSST denote square-squeezing on low-/high-quality meshes,
LMDT/HMDT denote Duffy pullbacks, and LMDCG/HMDCG denote DCG.
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104 5. Integration on regular surfaces

transformation, using pull-back quadrature rules of order 14.

The results are given in Figure 5.28d. Neither HOVE nor DCG shows a strong dependence on
themesh quality. As usual,HOVE converges faster thanDCG, and it converges all theway to the
machine precision limit. DCG shows the same behavior as in all prior experiments, becoming
unstable for geometry approximation orders beyond 8.

Integrating the Gauss curvature using GPLS

In this paragraph, we revisit our earlier experiment on integrating the Gauss curvature over
closed surfaces. Our aim is to shift away from the symbolic computation of Gauss curvature us-
ing Mathematica 11.3 and instead employ the global polynomial level set (GPLS) method [138].
This method is the first step towards enhancing HOVE’s capabilities to perform integration
on non-parametrized surfaces. For our experiment, we use the vertices of the mesh as sam-
ple points and compute their Gauss curvatures based on the GPLS approximation, following
equations (4.1). Furthermore, GPLS uniquely enables the evaluation of curvature formulae at
any point x0 ∈ Γ. The meshes utilized in this experiment are identical to those employed in the
previous experiment.

The results are illustrated in Figure 5.29, where we present the errors as functions of the poly-
nomial degree. Both the standardHOVE and theHOVE enhancedwith GPLS exhibit rapid con-
vergence, achieving exponential rates towards the correct value 2πχ(Γ). However, for the thin
ellipsoid shown in Figure 5.20a, both methods attain super-algebraic convergence rates.

This comparison focuses on accuracy. A full runtime comparison is less direct because GPLS
includes an additional preprocessing step: the construction of the global polynomial level-set
approximation from point-cloud data. Once this representation is available, HOVE can be ap-
plied to the resulting implicit surface data. Thus, the computational cost separates into theGPLS
fitting cost and the subsequent quadrature cost, whereas the parametrized HOVE experiments
measure only the quadrature stage.

Volume of the surfaces

We revisit the experiment from the previous section, once again considering a unit sphere and a
torus. The exact volumes of these shapes can be computed analytically: 4

3 πr3 for the sphere and
2π2Rr2 for the torus. These analytical volumes serve as reference solutions in our test. We set
f(x1,x2,x3) = [0, 0, x3], as derived in earlier sections, to obtain the volume of the solid enclosed
by Γ.

V =
∫

Γ

x3 ·
2x3√(

−2R x1√
x2

1+x2
2
+2x1

)2

+

(
−2R x2√

x2
1+x2

2
+2x2

)2

+(2x3)2

dS
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(a) Torus with radii R = 2, r = 1 (b) Ellipsoid with a = 0.6, b = 0.8, c = 2

(c) Genus 2− surface (d) Double torus with a = 0.2

Figure 5.29: Gauss–Bonnet validation using GPLS curvature recovery on four implicit surfaces:
torus, ellipsoid, genus 2 surface, and double torus.

Figure 5.30 shows the relative errors of the computed volume of the sphere and torus with
respect to the degree of the polynomial interpolation of the geometry. HOVE stably converges
to machine precision with a high algebraic rate, as predicted by Corollary 94.

5.6 Accelerating surface integration through spectral differentiation
The previous construction stabilizes high-order interpolation by pulling the geometry and inte-
grand back to a tensor-product domain. The remaining computational bottleneck is the evalua-
tion of derivatives of the cubical reparametrizationmaps. In this section, we address this cost by
replacing derivative evaluations based on Newton interpolation polynomials with spectral dif-
ferentiation, leading to what we call Spectral HOVE. By leveraging Chebyshev–Lobatto nodes
(3.2), we construct Chebyshev differentiation matrices to compute the partial derivatives of the
kth-order cubical reparametrization maps. These derivatives are then used to approximate the
metric tensor, gi, for each element.

Following [132], the scheme is as follows. Given a grid function v defined on the Chebyshev–
Lobatto points xchebj , one can obtain the discrete derivative w in two steps:
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106 5. Integration on regular surfaces

(a) Unit sphere (b) Torus with radii r = 1 and R = 2

Figure 5.30: Relative errors ofHOVEk for computing the enclosed volume of the unit sphere and
torus using three successively refined meshes.

1. Let QG1,k f be a unique polynomial of degree ≤ k with QG1,k f (xchebj ) = f j, 0 ≤ j ≤ k. This
operation is linear, so it can be represented by multiplication by an (k+1)× (k+1)matrix.

2. Set w j = ∂xQG1,k f (xchebj ).

We shall denote this matrix by D, so that w = D f . The first-order differentiation matrix is de-
scribed by the following theorem:

Theorem 98. [132] For each k ≥ 1, let the rows and columns of the (k+1)× (k+1) Chebyshev differ-
entiation matrix D be indexed from 0 to k. The entries of this differentiation matrix are given by:

Di j =



2k2+1
6 , if i = j = 0,

−2k2+1
6 , if i = j = k,

ci
c j

(−1)i+ j

xchebi −xchebj
, if i ̸= j,

0, otherwise,

(5.71)

where i, j = 0,1, . . . ,k, xchebj are the Chebyshev–Lobatto points, and ci are given by:

ci =

2, if i = 0 or i = k,

1, otherwise.
(5.72)

For i, j = 1, . . . ,k−1, the entries Di j make the pattern clearer:

Di j =
ci

c j

(−1)i+ j

xchebi − xchebj
, i ̸= j. (5.73)
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5.6. Accelerating surface integration through spectral differentiation 107

To obtain the partial derivatives and complete the Jacobian matrix DQGd,k ϕi on the reference
square [−1,1]2, specifically in the tensor grid, the simplest method is to use tensor products in
linear algebra, also knownasKronecker products. Now, letD∈C(k+1)×(k+1) be the one-dimensional
spectral differentiationmatrix associated with Chebyshev–Lobatto nodes on the interval [−1,1],
and let I ∈ C(k+1)×(k+1) be the identity matrix. The differentiation matrices in the x and y direc-
tions on the reference square [−1,1]2 are defined as follows:

DxQG2,k ϕi = D⊗ I, DyQG2,k ϕi = I ⊗D, (5.74)

where DxQG2,k ϕi,DyQG2,k ϕi ∈ C(k+1)2×(k+1)2 .

Representing the Jacobian as DQGd,k ϕi = [DxQGd,k ϕi |DyQGd,k ϕi], the ingredients above realise the
HOVE, computing the surface integral as:

∫
Γ

f dS ≈
K

∑
i=1

∫
[−1,1]2

f (ϕi(x))
√

det((DQGd,k ϕi(x))T DQGd,k ϕi(x))dx (5.75)

≈
K

∑
i=1

∑
p∈P

ωp f (ϕi(p))
√

det((DQGd,k ϕi(p))T DQGd,k ϕi(p)) , (5.76)

where p ∈ P, ωp ∈R+ can be the points and weights of any quadrature of [−1,1]2 e.g. the Gauss–
Legendre or Clenshaw–Curtis quadrature [133, 143].

It is important to note that computing nodes and weights for a n-point Gauss–Legendre rule
requires O(n2) operations, while the Clenshaw–Curtis method uses O(n logn) operations with
the Discrete Cosine Transform for evaluation.

The integration error of HOVE has two primary sources. The first is the approximation of the
2D integral using the tensor-product Clenshaw–Curtis quadrature provided in Theorem 99. The
second is the approximation error in representing the geometryϕi, which scaleswithO(k−(r−d−1)

),
where k denotes the chosen polynomial degree; see Theorem 93.

Wedirectly estimate the integration error fromapproximating a 2D integral using tensor-product
Clenshaw–Curtis quadrature:

Theorem 99. Consider a Cr+1 surface Γ, where r ≥ 1, with r-regular quadrilateral reparametrization
ϕi : [−1,1]2 → Γ,

ϕi = ρi ◦σ = πi ◦ τi ◦σ , i = 1, . . . ,K.

Let p ∈ P, and ωp be the points and weights of the tensorial (n+ 1)-order Clenshaw–Curtis quadrature
rule, f : Γ → R be a function with absolutely continuous derivatives up to order (r − 1) and the rth

derivative f (r) is of bounded variation ∥ f (r)∥T =V <+∞, such that f induces a negligible “remainder of
the remainder” [46]. Then the integration error can be estimated as

E f =
K

∑
i=1

∫
[−1,1]2

f (ϕi(x))gi (x)dx−
K

∑
i=1

∑
p∈P

ωp f (ϕi(p))gi (p)≤
128Ṽ

15πr(n− r)r , (5.77)
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where gi (x) =
√

det((DQGd,k ϕi(x))T DQGd,k ϕi(x)) and Ṽ is defined as

Ṽ = max
i=1,...,K

max
α,β≤r

∥∥∥∥∥ ∂ α+β

∂xα∂yβ

(
f (ϕi(x))gi(x)

)∥∥∥∥∥
T

with ∥ξ∥T =

∥∥∥∥ ξ ′
√

1− x2

∥∥∥∥
1
. (5.78)

Proof. We denote ψ(x,y) := f (ϕi(x))gi (x) and

R(2)
n [ψ] = I(2)[ψ]−Q(2)

n [ψ] (5.79)

as the remainder of the exact integral and the n+1-order quadrature rule

I(2)[ψ] =
∫
[−1,1]2

ψ(x,y)dxdy, Q(2)
n [ψ] =

n

∑
j=0

n

∑
i=0

ψ(xi,y j)wi w j . (5.80)

For a bivariate function ψ(x,y), Ix[ψ] =
∫ 1
−1 ψ(x, ·)dx denotes the integration with respect to the

x variable only, yielding a function of y. The subscript notation extends to Rn,x[ψ] and Qn,y[ψ],
when replacing the roles of x and y. Fubini’s theorem [20] implies:

I(2)[ψ] =
∫
[−1,1]2

ψ(x,y)dxdy =
∫ 1

−1
Ix[ψ]dy = Iy[Ix[ψ]] . (5.81)

Upon substitution into equation (5.81), we obtain

I(2)[ψ] = Iy[Rn,x[ψ]+Qn,x[ψ]]

= Rn,y[Rn,x[ψ]+Qn,x[ψ]]+Qn,y[Rn,x[ψ]+Qn,x[ψ]]

= Rn,y[Rn,x[ψ]]+Qn,x[Rn,y[ψ]]+Qn,y[Rn,x[ψ]]+Qn,y[Qn,x[ψ]] (5.82)

Following [46] we assume the “remainder of the remainder” – first term in equation (5.82) to
contribute negligibly to the error, enabling us to establish a sufficiently tight upper bound:

For large n, the quadrature rule approaches the value of the integral, i.e., Qn,β ≈ Iβ for β = x,y,
we are left with:

I(2)[ψ]≈ Ix[Rn,y[ψ]]+ Iy[Rn,x[ψ]]+Q(2)
n [ψ] . (5.83)

Hence,
R(2)

n [ψ]≤ Ix[Rn,y[ψ]]+ Iy[Rn,x[ψ]], (5.84)

As noted in [133], considering a function θ(x) defined on the interval [−1,1], when computing
Qn[θ ] using Clenshaw–Curtis quadrature for θ ∈Cr and ∥θ (r)∥T <V for a real finite valueV , then
for sufficiently large n, the subsequent inequality holds:

Rn[θ ]≤
32V

15πr(n− r)r . (5.85)
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Consequently, applying equation (5.85) to equation (5.84) yields

R(2)
n [ψ]≤ 32

15πr(n− r)r [Ix[Vy(x)]+ Iy[Vx(y)]] , (5.86)

where Vy(x) = maxy ∥ψ(r)(x,y)∥T and Vx(y) = maxx ∥ψ(r)(x,y)∥T for fixed x and y, respectively.

Since both integrations are over [−1,1], and since Vx(y)≤ Ṽ and Vy(x)≤ Ṽ by the definition of Ṽ ,
we have

Ix[Vy(x)]+ Iy[Vx(y)]≤ 2Ṽ +2Ṽ = 4Ṽ .

Substituting this bound into the previous inequality gives (5.77).

Applying Clenshaw–Curtis quadrature therefore leads to an error approximation for a 2D sur-
face integral with an order of O(n−r

), where n denotes the quadrature’s order.

5.7 Computational results
Wedemonstrate the effectiveness of Spectral HOVEwithClenshaw–Curtis quadrature (referred
to in our plots as HOVEk-CC), for surface integration through two sets of numerical examples.
The implementation of Spectral HOVE is provided in the Python-based codebase surfpy,7while
the examples and results presented in this manuscript, using Dune-CurvedGrid, are summa-
rized and made accessible in the following repository:8

Unless otherwise stated, the spectral experiments report relative errors against analytical refer-
ence values and use the same geometry degree for interpolation, spectral differentiation, and
quadrature. Runtime plots include the construction and evaluation costs of the correspond-
ing method, so the comparison reflects the practical effect of replacing Newton interpolation
derivatives by Chebyshev differentiation matrices.

Spectral HOVE is compared with both the earlier approach, referred to in our plots simply
as HOVEk, where derivatives are computed using Newton interpolation polynomials, and the
DCG method [106], which employs total-degree polynomial interpolation and is known to be
sensitive to Runge’s phenomenon due to overfitting.

Area computation
We integrate f = 1 over the unit sphere and the torus T 2

r,R with inner radius r = 1 and outer radius
R = 2. The surface areas are given by 4π and 4π2Rr, respectively, which allows us to measure
the relative errors.

We choose initial triangulations of size N∆ = 124 for the sphere and of size N∆ = 256 for the torus
and apply Clenshaw–Curtis quadrature [133], with a degree matching the geometry approxi-
mation. We use symmetric Gauss quadrature on a simplex [43] with a matching degree for the
geometry approximation in the case of HOVEk and DCG.
7https://github.com/casus/surfpy.
8https://github.com/casus/dune-surface_int.
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110 5. Integration on regular surfaces

(a) Unit sphere (b) Torus with radii R = 2 and r = 1

Figure 5.31: Relative errors and computational runtimes for DCG, HOVEk, and Spectral HOVE
in the computation of the surface area of the unit sphere (5.31a) and the torus
(5.31b).

Both Spectral HOVE and HOVEk exhibit stable convergence to machine precision with expo-
nential rates, 0.05×10.8−n and 0.025×7.5−n fitted for the sphere and torus, respectively, in ac-
cordance with the predictions from Theorem 99. In contrast, DCG becomes unstable for orders
larger than deg = 10. We interpret the instability as the appearance of Runge’s phenomenon
caused by the choice of midpoint-triangle refinements yielding equidistant interpolation nodes
for DCG.

In terms of execution time, the Python implementation of Spectral HOVE, leveraging spec-
tral differentiation, outperforms both the earlier HOVEk implementation based on Newton in-
terpolation polynomials and the C++ implementation of DCG, as illustrated by the runtime
plots. While HOVEk already improves over DCG, the spectral differentiation strategy used in
Spectral HOVE leads to further reductions in computational cost. Moreover, the numerical ex-
periments indicate that DCG becomes unreliable for polynomial degrees deg ≳ 15, due to the
emergence of a singular matrix during the construction of the interpolation basis.

Gauss–Bonnet validation

We consider the Gaussian curvature as a non-trivial integrand. Due to the Gauss–Bonnet theo-
rem [122], integrating the Gaussian curvature over a closed surface yields∫

Γ

KGauss dS = 2πχ (Γ) , (5.87)

where χ (Γ) denotes the Euler characteristic of the surface. Here, we consider:

1) Dziuk’s surface: (x− z2)2 + y2 + z2 −1 = 0.

2) Double torus: ((x2 + y2)2 − x2 + y2
)2

+ z2 −a2 = 0, with a ∈ R\{0}.
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3) Swiss cheese block: (
x2 + y2 −4

)2
+
(
z2 −1

)2
+
(
y2 + z2 −4

)2 (
x2 −1

)2

+
(
z2 + x2 −4

)2
+
(
y2 −1

)2 −15 = 0.

The Gaussian curvature is computed symbolically from the implicit surface descriptions us-
ing Mathematica 11.3, which allows us to measure the errors produced by HOVEk, DCG, and
Spectral HOVE when integrating the Gaussian curvature. We maintain the experimental de-
sign outlined in Experiment 5.7 and display error plots based on the polynomial degree in Fig-
ures 5.32–5.34.

(a) Dziuk’s surface with 8088 triangles (b) Errors and runtimes for Dziuk’s surface

Figure 5.32: Gauss–Bonnet validation for Dziuk’s surface using DCG, HOVEk, and
Spectral HOVE.

Again, both Spectral HOVE and HOVEk consistently demonstrate exponential convergence to-
ward the exact value 2πχ(Γ). The observed exponential rates are approximately 4.5 ·10−5×3.7−n

for Dziuk’s surface, 5 ·10−4 ×6.6−n for the double torus, and 0.054×4.72−n for the Swiss cheese
block. In contrast, the best algebraic fits—3.95× n−12.16 for Dziuk’s surface, 1.7× n−12.3 for the
double torus, and 5.2×n−9.88 for the Swiss cheese block—indicate significantly slower conver-
gence. As the polynomial degree increases, the errors for both Spectral HOVE andHOVEk even-
tually stabilize near machine precision. By contrast, DCG fails to reach machine-precision ac-
curacy in all cases and becomes unstable for polynomial degrees k ≥ 10. In terms of execution
time, Spectral HOVE, leveraging spectral differentiation, clearly outperforms both HOVEk and
DCG.

In this final experiment, we compare the proposed approach with state-of-the-art interpolation
node sets on the simplex. In particular, we consider recursive interpolation nodes [75] con-
structed from one-dimensional interpolation points. The resulting node sets are fully symmet-
ric within the triangle and reproduce the corresponding one-dimensional interpolation nodes
along its edges.

The left plot illustrates the growth of the Lebesgue constant for the different node distributions,
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(a) Double torus with 8360 triangles and a =
0.2 (b) Errors and runtimes for the double torus

Figure 5.33: Gauss–Bonnet validation for a double torus using DCG, HOVEk, and
Spectral HOVE.

(a) Swiss cheese block with 2944 triangles (b) Errors and runtimes for the Swiss cheese block

Figure 5.34: Gauss–Bonnet validation for the Swiss cheese block using DCG, HOVEk, and
Spectral HOVE.

providing a measure of interpolation stability. The right plot shows the corresponding inte-
gration errors as a function of the polynomial degree. As expected, node sets with controlled
Lebesgue growth lead to significantly improved numerical accuracy.

The results indicate that Spectral HOVE achieves the fastest convergence and reaches machine
precision, outperforming the competing constructions, including interpolation nodes close to
Fekete points on the simplex.

These experiments demonstrate that Spectral HOVE achieves spectral accuracy while maintain-
ing numerical stability and improved computational efficiency, making it a reliable high-order
method for the surface discretizations developed in this work as well as for practical surface
integration tasks. A key advantage of the proposed approach is that it bypasses the need to
construct optimal interpolation or quadrature nodes directly on triangles. Instead, the interpo-
lation problem is pulled back to a tensor-product domain, where well-understood nodes such
as Chebyshev points can be employed and their favorable approximation properties can be fully
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(a) Lebesgue constants of simplex node sets
(b) Swiss cheese Gauss–Bonnet errors and run-

times

Figure 5.35: Lebesgue constants (5.35a) of uniformly spaced points, Fekete points, Chebyshev–
Lobatto points, and recursive interpolation points on simplices, together with
Gauss–Bonnet validation for the Swiss cheese block (5.35b).

exploited.

Overall, the chapter connects three complementary contributions. First, the even–odd conver-
gence effect for equidistant interpolation on refined triangular meshes is explained through a
cancellation mechanism. Second, the square-squeezing construction replaces unstable high-
degree simplex interpolation by stable tensor-product interpolation, leading to HOVE and its
high-order error estimates. Third, spectral differentiation reduces the cost of evaluating the
same tensor-product representation while preserving the observed accuracy. These points pro-
vide the basis for the future directions discussed next.

5.8 Future work
While this chapter has made significant progress in high-order numerical integration on sur-
faces, one particularly challenging yet promising direction—suggested by our preliminary re-
sults (see Figure 5.29)—is the extension of our methods to non-parametrized surfaces using
the Global Polynomial Level Set (GPLS) framework. By integrating regression-based tech-
niques [137], this approach could enable the computation of surface integrals even when the
integrand is known only at a priori given data points.
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Chapter 6

Fast spectral methods on
triangular and deforming
surfaces

Partial differential equations (PDEs) posed on both static and evolving surfaces have been dis-
cretized using a range of numerical techniques. Among the most widely used are finite dif-
ference, finite element, and spectral methods. Finite difference methods are relatively easy to
implement but exhibit only algebraic convergence, necessitating a large number of grid points
and, consequently, significant memory usage. In contrast, finite element methods—particularly
the surface finite elementmethods (SFEMs) introduced byDziuk andElliott [44]—approximate
the solution using low-order basis functions defined over a collection of elements. Surface dis-
cretizations based on SFEMs typically employ at most cubic or quartic polynomial approxima-
tions [77]. The resulting linear systemsmay be ill-conditioned. Nevertheless, the use of efficient
solvers—such as multigrid methods [22] and sparse direct solvers like UMFPACK [37]—has
contributed to the popularity of this approach. These methods offer geometric flexibility, sup-
port for variable coefficients, and are well integrated into existing software frameworks like
DUNE [9]. However, achieving high-order accuracy with such methods remains challenging,
particularly when the underlying surface mesh possesses only low-order smoothness.

Spectral methods, on the other hand, attain high accuracy using relatively few elements by
employing high-degree polynomial approximations. This approach is especially efficient for
smooth problems defined on regular geometries. Spectral element methods were introduced
in [49] with the underlying principle of combining the generality of finite element methods for
complex geometries with the accuracy of spectral methods. However, they often lead to dense,
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116 6. Fast spectral methods on triangular and deforming surfaces

poorly conditioned systems resulting in O
(
(nxny)

3
) complexity 1 in space. Nevertheless, when

combined with domain decomposition techniques—such as the Schwarz algorithm [27] or the
hierarchical Poincaré–Steklov scheme [58]—spectral elementmethods can achieve a solver com-
plexity of O(N3/2

) or evenO(N),where N denotes the total number of degrees of freedom. Such
methods always compute solutions that are piecewise smooth, which can lead to a suboptimal
number of degrees of freedom required. These methods benefit from keeping the polynomial
order per element relatively low, which improves conditioning, while still achieving high global
accuracy due to the spectral nature of the approximation.

The method described in this chapter is a domain decomposition scheme with spectral collo-
cation discretization on each element. While spectral collocation is used throughout, it is im-
portant to note that, in principle, other element-wise discretization techniques—such as finite
element methods—could also be employed. By combining the spectral domain decomposition
with a hierarchical direct solver closely related to the classical nested dissection technique [55],
the resulting approach is known in the literature as the hierarchical Poincaré–Steklov (HPS)
solver [50, 58, 91, 92]. The HPS scheme operates by constructing a binary tree of surface ele-
ments (or “leaves”). At the leaf level, local degrees of freedom are eliminated—typically by con-
structing Dirichlet-to-Neumann (or equivalent Schur complement) operators. These interface
operators are then hierarchically merged in a recursive fashion, coupling neighboring patches
and progressively assembling the global solution. This structure allows for efficient and scalable
direct solvers without forming or factorizing a global stiffness matrix explicitly. These solvers
are particularly robust in the presence of large condition numbers and are well-suited for os-
cillatory or stiff PDEs, where constructing effective preconditioners is often challenging. This
contrasts with iterative solvers, which can suffer from slower convergence in non-trivial geome-
tries or when dealing with higher-order discretizations.

For fixed geometries, the computational work of the HPS method is naturally divided into a
build stage and a solve stage. During the build stage, the local solution operators and the hierar-
chical merge operators are constructed; this is the expensive part of the method. Once this stage
has been completed, the resulting factorization can be reused for multiple right-hand sides, or
across many time steps when the surface and the linear operator remain unchanged. Thus, the
build cost is amortized in applications requiring repeated solves on the same geometry.

Although the spectral domain decomposition coupled with the hierarchical direct solver intro-
duced in Section 6.3 is, in principle, applicable to a broad range of geometries, its successful
application to date has been primarily limited to high-order spectral discretizations on quadri-
lateral surface meshes [50, 91]. This is largely due to the availability of well-developed high-
order points and basis functions on the reference square [−1,1]2, which—when combined with
smoothparameterizations—enable accurate discretization of PDEs onquadrilateral patches [50].
A similar approach can be extended to more general surface representations, such as triangu-
lated meshes commonly used in practical applications. In such cases, the overall methodology
1for 2−D problems where nx and ny are the numbers of discretization points along the x- and y-axes, respectively.
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remains largely unchanged, as long as high-order discretizations can be defined on a reference
triangle, allowing each element to be treated with the same level of accuracy as in the quadri-
lateral setting.

In this chapter, we take an initial step toward incorporating triangulated surfaces into the HPS
framework by proposing two strategies. The first sections recall theHPSmachinery needed later
in the chapter. The main new geometric contributions begin in Section 6.4, where we address
how triangulated surface data can be made compatible with a solver whose local operators are
naturally built on tensor-product quadrilateral patches. The standard HPS construction and
merging procedure are reviewed as the solver backbone; the new emphasis is on the geometric
treatment of triangulated surface data and on the use of the resulting high-order framework for
static and prescribed evolving geometries. The chapter is organized into two parts:

To avoid repeating the foundations developed earlier in the thesis, we use the Chebyshev tensor-
product interpolation notation from Chapter 3, the surface differential calculus and Laplace–
Beltrami notation fromSection 4.1.3, and the closest-point projection framework fromSection 4.1.2.
The square-squeezing map used below is the hypercube-to-simplex map of Definition 85, and
the spectral differentiation viewpoint follows Section 5.6. Thus, the additional mathematical is-
sue treated in this chapter is not the construction of these objects themselves, but their coupling
through the HPS interface operators.

The first part describes the domain decomposition strategy underlying the HPS scheme, orig-
inally developed for quadrilateral meshes [50, 91], and introduces two parametrization ap-
proaches for triangular surface meshes. We begin in Section 6.1 by discussing high-order repre-
sentations of surface geometry and proceed in Section 6.2 with the construction of local spectral
collocation operators on individual surface elements. Section 6.3 then details the domain de-
composition approach on surfaces, where spectral collocation is applied locally on each element
and coupling between neighboring elements is handled via interface conditions. Section 6.4
presents the two strategies for incorporating triangulated surfaces into the HPS framework: (i)
a hypercube-to-simplex reparametrization, and (ii) a quadrilateralization technique designed
to reduce the number of elements added by the tripling scheme of Fortunato et al. [51]. The
quadrilateralization strategy is the practical route used for the HPS computations in this chap-
ter, whereas the hypercube-to-simplex construction is presented as a promising approachwhose
full integration into HPS requires a more flexible interface treatment. In Section 6.5, we discuss
how the resulting high-order surface discretization can be applied to time-dependent problems.
Finally, we conclude the first part with Section 6.6, which presents numerical examples inves-
tigating the Turing model and extends the investigation to patterns exhibited by interacting
reaction–diffusion systems.

The second part extends the framework developed in the first part to prescribed evolving sur-
faces. Section 6.7 introduces a time-dependent surface representation and describes the exten-
sion of the projectionmethod to include surface evolution. Section 6.8 discusses the treatment of
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118 6. Fast spectral methods on triangular and deforming surfaces

evolving discrete surfaces and introduces an Arbitrary Lagrangian–Eulerian (ALE) map to man-
age mesh distortion. In Sections 6.9 and 6.10, we focus on two growth models for the evolution
of the surface and investigate how these models affect the emergence, spatial distribution, and
symmetry of patterns over time. Finally, Section 6.11 explores potential directions for future
work.

6.1 High-order parametric surface approximation
We consider a general elliptic surface PDE on Γ,

LΓu(x) = f (x), x ∈ Γ, (6.1)

where f (x) is a smooth function on Γ and LΓ is a variable-coefficient linear second-order elliptic
surface operator.

If Γ is not a closed surface, equation (6.1) may also be subject to boundary conditions, e.g.,
u(x) = h(x) for x ∈ ∂Γ and some function h . For pure Laplace–Beltrami problems on a closed
surface, the usual compatibility and normalization conditions are required: ∫

Γ
f dS = 0 and the

solution is fixed, for example, by imposing ∫
Γ

udS = 0. This nullspace issue is absent for shifted
operators such as −∆Γ + I and for the patchwise Dirichlet tests below.

To numerically solve equation (6.1), we need to discretize LΓ, f , and h, and represent these
objects in some finite-dimensional basis. The numerical error involved in a discretization of
PDEs on curved surfaces depends on two properties of the discretization, the representation
of the objective function and the representation of the geometry. Thus, a higher-order scheme
is only possible with also a higher-order description of the surface approximation. Let Γ

quad
h ⊂

Nδ be a shape-regular, composed of finitely many regular and quasi-uniform d-dimensional
hypercubes with diameter h, topologically equivalent to the smooth surface Γ. The collection of
these hypercubes is denoted by K̂h, which provides a representation of Γ

quad
h :

Γ
quad
h =

⋃
Ê∈K̂h

Ê, with K = |K̂h|. (6.2)

We assume that the elements do not overlap, i.e., for Êi, Ê j ∈ K̂h, we have that int(Êi)∩ int(Ê j) = /0

and if Êi ∩ Ê j = I ̸= /0 and dim(I) = d −1, it is called an intersection of Êi and Ê j and is assumed
to be a subset of an (d −1)-dimensional facet of Êi and Ê j, respectively.

Each element Ê ∈ K̂h is parametrized over a reference element Ωd ⊂ Rd by an invertible and
differentiable mapping:

µ
Ê

: Ωd → Ê, (6.3)

referred to as the affine mapping of Ê.
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πk

Ek

Γ
quad
h,nψk := πk ◦µk

Êk

Γ
quad
h

µk

[−1,1]2

Figure 6.1: Construction of a surface parametrization over the reference square [−1,1]2 via
closest-point projection from the piecewise affine approximation Γ

quad
h .

Additionally, we assume the existence of a bijectivemapping X : Γ
quad
h → Γ, such that the smooth

surface Γ can be represented as a union of non-overlapping mapped elements:

Γ =
⋃

Ê∈K̂h

X(Ê) =
⋃

Ê∈K̂h

X(µ
Ê
(Ωd)) =:

⋃
Ê∈K̂h

X
Ê
(Ωd). (6.4)

With this property, Γ
quad
h is referred to as the reference surface (or reference domain) of Γ, and

the collection {X
Ê
}
Ê∈K̂h

as its reference parametrization.

The Jacobian of the parametrization X
Ê
at x is

DX
Ê
(x) : Rd → Rd+1.

The first fundamental form is the symmetric and positive definite matrix g ∈ Rd×d defined
as

g(x) := (DX
Ê
(x))T DX

Ê
(x) ∀x ∈ Ωd .

The corresponding volume element g(x) is given by

g(x) =
√

detg(x).

Let QGd,nX ∈ Πd,n be the nth-order Lagrange polynomial interpolation of the mapping X on the
reference elementΩd . In the following, we consider the restriction of the closest-point projection
π to Γ

quad
h as a mapping π : Γ

quad
h → Rd+1, and define nth -order cubic parameterization of the

surface.

Definition 100 (nth-order parametrization). Given an r-regular cubical parametrization ψk := πk ◦
µk : Ωd → Êk ,k = 1, . . . ,K, r ≥ 2 ,where πk is the closest point projection onto the target surface Γ and µk
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120 6. Fast spectral methods on triangular and deforming surfaces

is a multilinear map (see Figure 6.1). We say that the mesh Γ
quad
h is of order n if each element is obtained

by polynomial interpolation of the values {ψk(pααα)}ααα∈Ad,n sampled at the points {pααα}ααα∈Ad,n .

This implies that on each element, we can approximate the r-regular parametrization maps
through interpolation using the points {ψk(pααα)}ααα∈Ad,n . This involves computing a nth-order
vector-valued polynomial approximation:

QGd,nψk (x) = ∑
ααα∈Ad,n

ψk(pααα)Lααα , k = 1, . . . ,K. (6.5)

Partial derivatives of the elemental coordinate maps, ∂ξ j QGd,nψk, for k = 1, . . . ,K and j = 1, . . . ,d,
are used to construct an nth-order approximation of the volume element g(x)

gn(x) =
√

det
(
DQGd,nψk(x))T DQGd,nψk(x)

)
. (6.6)

Mapping the piecewise flat surface results in the higher-order approximation

Γ
quad
h,n := QGd,nψk(Γ

quad
h )

of the surface Γ, which is contained in Nδ if the mesh size is small enough. In the following, we
assume that h is chosen correspondingly. Associated with the discrete surface Γ

quad
h,n is a set of

surface elements
Kh,n := {QGd,nψk(Ê) | Ê ∈ K̂h},

such that Γ
quad
h,n =

⋃
E∈Kh,n

E.

We now turn to estimating the geometric approximation error of Γ
quad
h,n .

Theorem 101. Let Γ be a d-dimensional Cr+1-surface, r > d + 1, and ψk := πk ◦ µk : Ωd → Rd+1, k =

1, . . . ,K be a r-regular cubical parametrization, Definition 100. Let QGd,nψk be the vector-valued tensor-
polynomial interpolant of ψk in the Chebyshev–Lobatto grid Chebd,n.

i) The r-regular cubical parametrization and its interpolant QGd,nψk differ by

∥ψk(x)−QGd,nψk(x)∥C0(Ωd) ≤
4ed2Vψ,r

π(r−d +1)

(
n+1

n+1− r

)r+1

· 1
nr−d+1 . (6.7)

ii) The Jacobians of ψk and its interpolant QGd,nψk differ by

∥Dψk(x)−DQGd,nψk(x)∥C0(Ωd) ≤
4ed2Vψ,r

π(r−d −1)

(
n+1

n+1− r

)r+1

· 1
nr−d−1 , (6.8)

where Vψ,r is the maximum Chebyshev-weighted rth-order directional variation of the coordinate
functions of ψk.
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6.2. High-order spectral collocation on a single surface element 121

iii) The difference of the volume elements is bounded by

∥g(x)−gn(x)∥C0(Ωd) ≤ dCd−1 ∥Dψk(x)−DQGd,nψk(x)∥C0(Ωd) ,

where
g(x) =

√
det
(
Dψk(x)T Dψk(x)

)
,

and gn(x) is defined as in equation (6.6).

Proof. The argument is completely analogous to that of Lemma 92 (Chapter 5); we omit the
details.

As shown in equation (6.7), our parametrizationmap achieves a convergence rate ofO(n−(r−d+1)),
in contrast to the classical estimate [65]

∥ψk(x)−QGd,nψk(x)∥C0(Ωd) ≤Chn+1,

which is based on interpolation at equidistant points.

6.2 High-order spectral collocation on a single surface element
Wenowdescribe a spectral collocationmethod for discretizing equation (6.1) on a single surface
element Ek. The method is formulated directly from the strong form in equation (6.1). Let
pααα ∈ Chebd,n, ααα ∈ Ad,n denote points in a tensor product Chebyshev-Lobatto grid. Let u ∈R(n+1)d

denote a vector holding approximations to u at pααα ∈ Chebd,n. Analogously to equation (6.5), we
have

QGd,nu(x) = ∑
ααα∈Ad,n

u(pααα)Lααα , pααα ∈ Chebd,n. (6.9)

To discretize LΓ on the element Ek, we compute discrete operators on the reference cube Ωd

and map them to Ek using the numerical coordinate mapping ψk for k = 1,2, . . . ,K. Let D ∈
R(n+1)×(n+1) be the one-dimensional spectral differentiationmatrix [132] associatedwithChebyshev-
Lobatto points on the interval [−1,1] and let I ∈ R(n+1)×(n+1) be the identity matrix. The d-
dimensional differentiationmatrices on the reference hypercubeΩd in the ξ1, ξ2, . . . ,ξd-directions
can be constructed through the Kronecker products

Dξ1 = I ⊗·· ·⊗ I ⊗D

Dξ2 = I ⊗·· ·⊗D⊗ I

Dξi = I ⊗·· ·⊗D⊗·· ·⊗ I

(with D in the (d − i+1) position)
...

Dξd
=D⊗ I ⊗·· ·⊗ I
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122 6. Fast spectral methods on triangular and deforming surfaces

where Dξi ∈ R(n+1)d×(n+1)d
, i = 1,2, . . . ,d. Let M[u] ∈ R(n+1)d×(n+1)d denote the diagonal multi-

plication matrix formed by placing the entries of u along the diagonal. Using equation (4.6),
differentiationmatrices corresponding to the components of the surface gradient onEk are given
by2

DΓ
x j
=

d

∑
i=1

M[∂x j ξi]Dξi , j = 1,2, . . . ,d +1 . (6.10)

The operator LΓ given in equation (6.1) is then discretized on the element Ek as the (n+ 1)d ×
(n+1)d matrix

LEk =
d+1

∑
i=1

d+1

∑
j=i

M[ai j]D
Γ
i D

Γ
j +

d+1

∑
i=1

M[bi]D
Γ
i +M[c], (6.11)

with all variable coefficients sampled on the grid points pααα ∈ Chebd,n. In other words, we can
think of the matrix LEk as a discrete approximation to the differential operator LEk . Using this
discretization scheme, equation (6.1) can be written as (n+1)d × (n+1)d linear system.

LEk u = f . (6.12)

To prepare for the imposition of boundary conditions and local elimination, we partition the
index set {1, . . . ,(n+1)d} for a given element Ek into interior (Ii) and boundary (Ib) subsets, so
that

{1,2, . . . ,(n+1)d}= Ii ∪ Ib,

with (n−1)d points in the interior and 2ndd−1 on the boundary. This partition is used to divide
both vectors andmatrices into blocks. For instance, given amatrix A, the submatrix Ai,b consists
of the rows indexed by Ii and columns indexed by Ib. The solution vector is written as

ui = u(Ii) and ub = u(Ib).

Partitioning the LEk and reordering the degrees of freedom in (6.12) in the order {Ii, Ib} (i.e.
interior then boundary) gives a block linear system,

[
Li,i

εk Li,b
εk

Lb,i
εk Lb,b

εk

][
ui

ub

]
=

[
fi

fb

]
. (6.13)

To impose Dirichlet boundary conditions, we set u = hb on ∂Ek, where hb ∈ R2dnd−1×1 denotes
the vector of boundary values of h(x). Substituting these into the system and eliminating the
boundary unknowns ub via a Schur complement [95] yields the reduced system:

Li,i
Ek

ui = fi −Li,b
Ek

hb.

2For instance, the discrete Laplace–Beltrami operator may be discretized as ∆Γ ≈ ∑
d+1
i=1 (D

Γ
xi
)2.
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The interior solution is then expressed as

ui =
(

Li,i
Ek

)−1
fi −SEk h

b,

where SEk :=−
(

Li,i
Ek

)−1
Li,b
Ek
is knownas the solution operator and is of size=(n+1)d×2dnd−1.

6.3 Domain decomposition methods
The spectral collocation method described in the previous section converges very quickly as the
number of points n increases—provided that the solution u of equation (6.1) is smooth. The
matrix LEk that arises from the discretization has some structure and contains many zeros, but
it is still considerably denser than the matrices produced by finite difference or finite element
methods. One way to reduce this density is to use domain decomposition methods, which also
lend themselves well to implementation on parallel computing architectures.

In a domain decomposition approach, the computational domain Γ is partitioned into smaller
elements Ek, for k = 1, . . . ,K, whichmay touch or overlap. The original problem in equation (6.1)
is then reformulated on each element, resulting in a family of smaller subproblems, where each
subproblem can be solved independently using spectral collocation. However, to ensure that
the local solutions uk(x), each defined solely on an element Ek for k = 1, . . . ,K, fit together and
form a smooth solution of the PDE in equation (6.1) on the entire computational domain Γ, they
have to satisfy matching conditions.

• For touching (non-overlapping) elements E1 and E2, the solution is required to beC1-smooth
across the shared interface; that is, both the function and its binormal derivative must be
smooth on the surface where the elements touch:

u1(x) = u2(x), x ∈ ∂E1 ∩∂E2 (6.14)

∂nbu1(x) =−∂nbu2(x), x ∈ ∂E1 ∩∂E2 (6.15)

where nb denotes the binormal and the minus sign is because we use the outward-pointing
binormal in each domain.

• For overlapping elements E1 and E2, the functions u1 and u2 must be equal on the intersection
E1 ∩E2. By uniqueness of the PDE, it suffices to require that the functions are identical in
any subregion of the overlapping domain:

u1(x) = u2(x), x ∈ ∂
(
E1 ∩E2

)
The use of Chebyshev basis functions leads to shared boundary degrees of freedom between
adjacent quadrilateral elements, so imposing (6.14) becomes straightforward.
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124 6. Fast spectral methods on triangular and deforming surfaces

Among the various techniques for enforcing continuity of binormal derivatives across patch
interfaces, an effective strategy is the use of the Poincaré–Steklov operator [108], also known
as the Dirichlet-to-Neumann (DtN) map—originally introduced by V.A. Steklov. This operator
maps Dirichlet data (solution values) to Neumann data (binormal derivatives of the solution)
on the boundary.

For a given elementEk, theDirichlet-to-Neumann operator, denoted byDtNEk , computes the out-
ward fluxes corresponding to prescribed Dirichlet boundary data. Having constructed the so-
lution operators SEk that solve the PDE locally on each element Ek, for k = 1, . . . ,K, the Dirichlet-
to-Neumann operator is given by the product of the binormal derivative operator DEk and the
solution operator SEk :

DtNEk =DEk SEk .

From this point onward, we restrict our discussion to two-dimensional surfaces embedded in
R3. Consequently, the discretization scheme is defined within each quadrilateral, spanning the
space of polynomials Π2,n.

6.3.1 Merging Dirichlet-to-Neumann maps
Assume now that Γ is divided into touching elements. We consider the simplest case in which we
have only two elements E1 and E2 like in Figure 6.2, and denote by I12 = E1 ∩E2 their common
boundary.

LΓu1(x) = f1(x), x ∈ E1, with u1(x) = h1(x), x ∈ ∂E1 \ I12, (6.16)

LΓu2(x) = f2(x), x ∈ E2, with u2(x) = h2(x), x ∈ ∂E2 \ I12, (6.17)

with continuity conditions:

u1(x) = u2(x), x ∈ I12,

∂nbu1(x) =−∂nbu2(x), x ∈ I12.

The patching problem in equation (6.16) and (6.17) can be regarded as two decoupled, four-
sided Dirichlet problems when given a suitable piece of Dirichlet data along I12. That is, there
exists an interface function uglue such that (6.16) and (6.17) is equivalent to

LΓu1(x) = f1(x), x ∈ E1,

u1(x) = h1(x), x ∈ ∂E1 \ I12,

u1(x) = uglue(x), x ∈ I12.

(6.18)

LΓu2(x) = f2(x), x ∈ E2,

u2(x) = h2(x), x ∈ ∂E2 \ I12,

u2(x) = uglue(x), x ∈ I12.

(6.19)
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To determine the unknown interface function uglue, we construct a solver referred to as the in-

terface solution operator, denoted by Sglue, such that uglue(x) = Sglue

[
h1(x)
h2(x)

]
. This solver is con-

structed using local operators from each element. Specifically, we first build local solvers for the
elements E1 and E2, and then combine parts of these operators to create the interface solution
operator Sglue.

Once the interface function uglue is determined, the two subproblems from equations (6.18) and
(6.19) become independent and can be solved separately by applying spectral collocation on E1

and E2.

E111

E222

u1 = h1

u2 = h2

LΓu1 = f1

LΓu2 = f2

nb

u1(x) = u2(x) = uglue(x)
∂nb u1(x) =−∂nb u2(x)

Ib1

Ib2Is1

Is2

Figure 6.2: Interface coupling of two surface elements via continuity of the solution and its bi-
normal derivative. Red points indicate boundary collocation points Ib1 and Ib2 , while
blue points represent interface collocation points Is1 and Is2 , aligned for coupling.
The right panel highlights the shared interface and point alignment used in the spec-
tral collocation framework.

Let Is1 ,Is2 ⊂ {1, . . . ,2dnd−1} be index sets corresponding to the shared interface points (i.e., the
points which are interior to themerged domain Eglue := E1∪E2) with respect to elements E1 and
E2, and I1 and I2 the remaining indices corresponding to the boundary points. See Figure 6.2
for a diagram. As the points of E1 and E2 are identical along the shared interface I12, continuity
of the solution across I12 simply means that3 us1

1 = us2
2 , so let us denote these solution values by

uglue.

Continuity conditions across element interfaces are imposed locally using discrete Dirichlet-to-
Neumann (DtN) operators.

DtNEk =DEk SEk , k = 1,2.

Since DtNEk maps from the quadrilateral boundary to itself, it is a square matrix of size 2dnd−1×
2dnd−1. We define the boundary data vectors hb

1,h
b
2 ∈ R2dnd−1 for the two neighboring elements

as
hb

1(x) :=

[
h1(x)

uglue(x)

]
, hb

2(x) :=

[
h2(x)

uglue(x)

]
,

where h1(x) and h2(x) correspond to the non-shared boundary degrees of freedom, and uglue(x)

3The superscripts s1, s2 denote restriction to interface indices
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126 6. Fast spectral methods on triangular and deforming surfaces

represents the shared interface values between the two elements.

The corresponding homogeneous solutions on each element are then given by

wk = SEk h
b
k , k = 1,2.

The continuity condition for the binormal derivative across the shared interface requires that
(

DtNE1hb
1 +DE1vvv1

)s1
+
(

DtNE2hb
2 +DE2vvv2

)s2
= 0, (6.20)

where vvv′k := DEk vvvk denotes particular fluxes associated with particular solutions on each ele-
ment.

Rewriting the system (6.20) in terms of the interface unknown uglue, we obtain separate linear
systems for the homogeneous and particular interface unknowns:

(
DtNs1s1

E1
+DtNs2s2

E2

)
wglue =−

(
DtNs1b1

E1
h1 +DtNs2b2

E2
h2

)
, (6.21)(

DtNs1s1
E1

+DtNs2s2
E2

)
vvvglue =−

(
vvv′s1

1 + vvv′s2
2

)
. (6.22)

Here, the local operators are constructed on each element. By solving equation (6.21), we obtain
the interface solution operator Sglue, which is defined as follows:

Sglue :=−
(

DtNs1s1
E1

+DtNs2s2
E2

)−1 [
DtNs1b1

E1
DtNs2b2

E2

]
. (6.23)

The Schur complement also allows us to write down the Dirichlet-to-Neumann operator for the
mergeddomain. Using the new interface solution operator Sglue, we construct the newDirichlet-
to-Neumann operator

DtNglue :=

[
DtNb1b1

E1
0

0 DtNb2b2
E2

]
+

[
DtNb1s1

E1

DtNb2s2
E2

]
Sglue. (6.24)

In a similar manner, the specific flux for the merged domain is given by

vvv′glue =

[
vvv′b1

1

vvv′b2
2

]
+

[
DtNb1s1

E1

DtNb2s2
E2

]
vvvglue. (6.25)

6.3.2 The hierarchical scheme
The term hierarchical refers to the organization of the computational mesh into a hierarchical
binary tree structure [92]. Each element of the mesh, before any merging or gluing occurs, cor-
responds to a leaf box in this tree. At each stage of the merging process, two neighboring leaves
are combined to form a larger domain. The result of merging two such elements is a pair of
operators defined on the merged domain: Eglue: (1) a solution operator, Sglue, that solves for the
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unknown interface values uglue inside Eglue; and (2) a Dirichlet-to-Neumann (DtN) operator,
DtNglue, that maps boundary data to outward fluxes on Eglue. These operators encapsulate all
necessary information to solve the PDE on Eglue. After merging, the new parent element Eglue is
functionally equivalent to the original elements E1 or E2, and thus can be treated as a single ele-
ment, ready to be merged again with additional domains. This hierarchical merging procedure,

E1

E2

Step 1

E1

u1(x) = SE1

[
h1(x)

uglue(x)

]

∂u1
∂nb

=DtNE1

[
h1(x)

uglue(x)

]
∂u2
∂nb

=DtNE2

[
h2(x)

uglue(x)

]

E2

u2(x) = SE2

[
h2(x)

uglue(x)

]

E1

uglue(x) = Sglue

[
h1(x)
h2(x)

]

E2

Step 2

Eglue := E1 ∪E2

Figure 6.3: An overview of the hierarchical merge process. Step 1: For each patch Ei, remove the
internal points (blue) and retain only the boundary points (red). Use the remaining
data to construct the solution operator SEi and the Dirichlet-to-Neumann operator
DtNEi , i = 1,2. Step 2: Merge patches in pairs as described in Subsection 6.3.1. Form
the equilibrium equation using DtNE1 and DtNE2 and eliminate the interior points of
the new larger patches. Construct the new solution operator Sglue and corresponding
DtN operator.

enabled by local operators, constitutes the hierarchical Poincaré–Steklov scheme. An illustrated
overview of the merge process is described in Figure 6.3.

6.4 Accommodating triangulated surfaces

The quadrilateral-based domain decomposition scheme described thus far is built on the as-
sumption that the smooth surface Γ ⊂ Rd+1 is discretized into a high-order quadrilateral mesh
Γ
quad
h , constructed from a set of r-regular quadrilateral parametrizations.

{
ψk : Ωd → Êk

}K

k=1
,
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128 6. Fast spectral methods on triangular and deforming surfaces

where each patch Êk is sampled using mapped points {ψk(pααα)}ααα∈Ad,n , where {pααα} ⊂ Chebd,n is
the standard tensor-product Chebyshev-Lobatto grid on Ωd .

In many practical applications, the surface Γ is given as a triangulated mesh ⋃T∈Th
T . Simplicial

domains—such as triangles and tetrahedra, which are not tensor-product domains—offer far
greater flexibility than Cartesian products of intervals (e.g., squares or cubes) when it comes
to handling complex geometries through partitioning methods [34]. Spectral methods, on the
other hand, are remarkably efficient on tensor-product domains because of the inherent struc-
ture of the expansions they employ. Therefore, it is tempting to try to marry the efficiency of
tensor products with the flexibility of triangular geometries. The procedure described above re-
mains unchanged, provided that suitable high-order points and basis functions are constructed
on the reference triangle, allowing the PDE to be discretized with high-order accuracy on each
element, similarly to the quadrilateral case. We propose two distinct strategies for handling
triangles within the described HPS framework. The first approach is the hypercube-to-simplex
reparametrization (seeDefinition 85). The secondmethod is rhombus-based remeshing, a quadri-
lateralization technique that converts triangles into quadrilateralswhileminimizing the number
of elements introduced by the tripling scheme of Fortunato et al. [51]. Both approaches are pre-
sented in detail in the following subsections.

6.4.1 Hypercube-to-simplex reparametrization
In Section 5.5, we demonstrated that by employing mappings such as square-squeezing, key
numerical operations—interpolation, quadrature, and differentiation—on triangular elements
can be carried out on a reference square. This approach enables triangular elements to use the
same tensor-product Chebyshev machinery as quadrilateral elements, thereby making them
suitable for high-order spectral collocation. The additional issue for HPS is that the local square
representation must also induce a boundary trace that can be merged with neighboring ele-
ments.

Building on this foundation, let us nowconsider a triangulation of the surfaceΓ, denoted by

Γ
tri
h =

⋃
T̂∈T̂h

T̂ , |T̂h|= K,

which is not necessarily a high-order approximation of Γ. In the following, we adopt the no-
tations used in Section 5.5, and define nth-order cubical re-parameterization of the surface for
each T̂ ∈ T̂h

ϕk : Ωd → T̂ , ϕk = πk ◦ τk ◦σ , k = 1, . . . ,K . (6.26)

Definition 102 (nth-order cubical reparametrization). Given an r-regular cubical reparametrization
ϕk = πk ◦ τk ◦σ : Ωd → T̂k ,k = 1, . . . ,K, r ≥ 2 , where πk is the closest point projection onto the target
surface Γ, τk is an affine map and σ is the square squeezing map. We say that the mesh Γtri

h is of order n if
each element is obtained by polynomial interpolation of the values {ϕk(pααα)}ααα∈Ad,n sampled at {pααα}ααα∈Ad,n .
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6.4. Accommodating triangulated surfaces 129

For every triangle T̂ ∈ T̂h, we compute {ϕk(pααα)}ααα∈Gd,n and define an n-th order d-dimensional
triangle T by applying polynomial interpolation of order n to the coordinates of the projected
points {ϕk(pααα)}ααα∈Gd,n .

Mapping the piecewise flat surface results in a higher-order approximation Γtri
h,n := QGd,nϕk(Γ

tri
h )

of the surface Γ that is contained inNδ if h is small enough. Associated with the discrete surface
Γtri

h,n is a set of surface elements

Th,n := {QGd,nϕk(T̂ ) | T̂ ∈ Th},

such that
Γ
tri
h,n =

⋃
T∈Th,n

T .

Given Γtri
h,n, we can compute an nth-order approximation of the volume element g(x),

gn(x) =
√

det
(
DQGd,nϕk(x)T DQGd,nϕk(x)

)
.

Remark 103. The geometric approximation error estimates for Γtri
h,n in Lemma 92 (Chapter 5) remain

valid in this context.

Having defined the mapped Chebyshev interpolation in Subsection 3.7.1, we now derive nth

mapped cubical re-parameterization of the surfaceΓ. Let ζ be an analytic function, such that:

ζ : Ωd → Ωd , x = ζ (s) (6.27)

with ∂siζ (s)> 0, 1 ≤ i ≤ d. We define

ϕ̃k = ϕk ◦ζ = πk ◦ τk ◦σ ◦ζ : Ωd → T̂k, k = 1, . . . ,K, r ≥ 2. (6.28)

the r-regular mapped cubical re-parameterization of the surface Γ. One benefit of the mapped
square-squeezing is that it leads to a more uniform distribution of Chebyshev-Lobatto points,
with fewer points concentrated near the boundary of the square, resulting in a lesser number
of points on the hypotenuse of simplex△2 (see Figure 6.4).

Spectral collocation on a triangular patch via square-squeezing reparametrization
To assess the impact of the triangle-to-quadrilateral reparametrization (6.26), both in its stan-
dard and mapped forms using the analytic function ζ (s) from (6.28), we consider the Laplace–
Beltrami equation:

−∆Γu = f . (6.29)

We test two geometric configurations: one-eighth of the sphere (triangular patch), and one-
sixth of the sphere (quadrilateral patch). The exact solution is the spherical harmonic u(x) =
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130 6. Fast spectral methods on triangular and deforming surfaces

(a) Standard square (b) Square-squeezing (c) Mapped Square-squeezing

Figure 6.4: Distribution of Chebyshev–Lobatto points for n = 11 on the reference square (left),
after the square-squeezing map to the triangle (center), and after the mapped
square-squeezing transformation (right).

Y m
ℓ (x) with (ℓ,m) = (3,2), yielding the right-hand side f (x) = ℓ(ℓ+1)Y m

ℓ (x). Dirichlet boundary
conditions are given by

h(x,y,z) = 0.25
√

105/π (x2 − y2)z.

For the analytic map, we select the polynomial mapping defined in equation (3.43) with degree
n = 5:

ζ (s) =
1

149
(120s+20s3 +9s5). (6.30)

Figure 6.5: Relative L∞-error for the Laplace–Beltrami problem in equation (6.29) on an eighth-
sphere triangular patch, using the exact spherical harmonic Y 2

3 . The triangle
is reparametrized through square-squeezing, mapped square-squeezing, and the
Duffy transform; a direct quadrilateral patch is included as a reference. The observed
exponential decay is compared with the fit rate ρ−n, where ρ ≈ 2.3.

In the numerical experiments presented, the error values shown in the convergence plots repre-
sent the discretization error with respect to the exact solution of the Laplace–Beltrami equation.
Figure 6.5 illustrates the spatial convergence to the exact solution under p-refinement, consid-
ering different reparametrization strategies:

130
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T1

T2

T1

T2

Figure 6.6: Trace-point distribution induced by square squeezing for two neighboring triangular
elements at degree n = 13. The hypotenuse carries twice as many points as the other
edges; the configuration shown aligns this doubled edge with the outer boundary to
avoid an inconsistent interior merge.

1. direct-quad: refers to the discretization on a single quadrilateral patch (seeDefinition 100),

2. square-squeezing: uses a hypercube-to-simplex reparametrization based on the square-
squeezing transform (see Definition 102),

3. mapped-sq-squeezing: applies the square-squeezing transformation enriched by an ana-
lytic map ζ (s) (see equation (6.30)),

4. duffy: uses a reparametrization from the unit square to the triangle based on the Duffy
map (see Remark 88).

In this experiment, the square-squeezing mapping achieves accuracy comparable to the quadri-
lateral parametrization, whereas the Duffy mapping performs poorly due to its degeneracy
along the collapsed edge. This degeneracy adversely affects the computation of binormals,
which—as previously emphasized—are crucial to ensuring the success of the merging pro-
cess.

By constructing the transformed Chebyshev interpolant of the nth-order cubical reparametriza-
tion of the geometry via the analytic map (6.30), the mapped square-squeezing approach (rep-
resented by the red line in the plot) reachesmachine precisionmore rapidly in this test. Nonethe-
less, quadrilateral patches tend to achieve higher accuracy at elevated polynomial degrees (≥
38), a regime that is not commonly used in practice. These observations suggest that square
squeezing remains a promising strategy for extending high-order solvers to triangulated sur-
faces.

Next, we extend the previous example to the upper hemisphere of the sphere. For this purpose,
we developed the Python package pysurfacefun4, which is currently under active development
and is designed to support the surface reparametrization tools required in our framework. One
4https://pysurfacefun.readthedocs.io/en/latest/
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132 6. Fast spectral methods on triangular and deforming surfaces

Figure 6.7: Relative L∞-error for the Laplace–Beltrami equation on the upper hemisphere under
mesh refinement. The top row uses high-order triangular patches and the bottom
row uses quadrilateral patch domains. Curves are shown for polynomial degrees
n = 5,9,11,13, with reference slopes consistent with O(hn−1).

challenge introduced by this reparametrization is the non-uniform distribution of points, as
illustrated in Figure 6.4b. In particular, the number of points along the hypotenuse of △2 is
twice that of the other edges. As a result, tabulation points along shared boundaries of physical
elements T maynot coincide, creating challenges for patchmerging. This issue can be addressed
by interpolating the values defined on the side with 2n points to match those on the side with
only n points. The interpolation is stable and introduces only minimal discretization errors,
though it does complicate the implementation. For further details, see [7]. In our example, we
avoid inconsistencies by properly configuring the elements and aligning the side with 2n points
along the equatorial boundary, as illustrated in Figure 6.6.

In Figure 6.7, we report the convergence of the L∞ relative error for the numerical solution of the
Laplace–Beltrami equation on the upper hemisphere, using high-order patch-based discretiza-
tions with triangular elements (top) and square elements (bottom). Convergence is shown for
polynomial degrees n= 5,9,11,13, alongside reference slopes ofO(hn−1). The surface plots (left)
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depict the computed solutions over each mesh.

In both cases, plotting the relative L∞-error against the mesh resolution h reveals an algebraic
convergence rate. The error decreases rapidly as the mesh is refined (h → 0) and the polyno-
mial degree n increases, following the expected rate of O(hn−1). Notably, for n = 13, both mesh
types achieve low errors, reflecting the high accuracy and stability of the method. These results
confirm the efficacy of the high-order patch-based discretization approach for solving PDEs on
curved surfaces, with both mesh types providing highly accurate solutions under h− and p−
refinement.

However, the current algorithm still relies on configuring themesh elements beforehand, which
becomes challenging as the mesh density increases. This limitation is not caused by the local
square-squeezed discretization itself, but by the interface representation required by the HPS
merge. Locally, the reparametrization allows interpolation and differentiation to be performed
on the reference square, where tensor-product Chebyshev tools are available. Globally, however,
neighboring triangular elements must exchange boundary data along physical edges, and the
square-squeezed trace does not automatically provide a uniform three-edge triangular skele-
ton.

For this reason, the hypercube-to-simplex construction should be viewed here as a promising
local discretization strategy rather than as a complete practical HPS method for arbitrary un-
structured triangulations. A natural next step is to decouple the square-squeezed volume dis-
cretization from the interface discretization: one may compute the local solution and fluxes on
the tensor-product square grid, but expose to the HPS merge a triangle-compatible trace space
with three physical edges. The transfer between these two representations could be carried out
by interpolation, projection, or a mortar-type coupling operator. Such a non-matching trace
formulation would remove the need for manual orientation of elements and would make the
square-squeezing approach applicable to general triangulated meshes.

6.4.2 Quadrilateralization

To this end, we define a quadrilateralization operator

Q : Γ
tri
h −→ Γ

quad
h ,

which replaces the original triangulated mesh with a conforming set of quadrilateral patches
{Êk}K

k=1, each admitting a smooth mapping ψk : Ωd → Êk, and a point set {ψk(pααα)}ααα∈Ad,n for use
in high-order interpolation.

We review two established strategies for assembling the interface operator Q before presenting
our own rhombus–based remeshing:
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134 6. Fast spectral methods on triangular and deforming surfaces

(1) Blossom-Based Matching.
Let {T̂k}K

k=1 denote the set of triangles in Γtri
h . A dual graph is constructed in which each vertex

represents a triangle and edges connect pairs of adjacent triangles. Using amaximummatching
algorithm, such as the Blossom algorithm [45], the method identifies as many disjoint pairs of
adjacent triangles as possible. Each matched pair (T̂i, T̂j) is then merged to form a quadrilateral
patch Êk = T̂i ∪ T̂j. The resulting set of quadrilaterals defines a partial quadrilateralization of
the triangulated mesh. Unmatched triangles are then converted into quadrilateral elements
through a centroid-based subdivision process. However, to maintain a conforming mesh, this
approach necessitates splitting the already grouped quadrilaterals as well. As a consequence,
the refinement yields a denser mesh with a higher number of degrees of freedom, as illustrated
in Figure 6.8b.

(2) Centroid-Based Subdivision.
The approach consists of splitting each triangle into three quadrilaterals, following the method
described in [51]. Specifically, for each triangle T̂ ∈ T̂h with vertices {v1,v2,v3}, we introduce the
centroid

cT = 1
3(v1 + v2 + v3)

and the edge midpoints
mi j =

1
2(vi + v j), 1 ≤ i < j ≤ 3.

We then form three quadrilaterals

Êi = Quad
(
vi, mi j, cT , mik

)
,

for {i, j,k} = {1,2,3}. The result is a quadrilateral mesh Γ
quad
h with 3K elements—three times

the original triangulation. Although this subdivision is regular and systematic, it inflates the
total degrees of freedom and produces smaller quads clustered around each centroid (see Fig-
ure 6.8c).

(3) Rhombus-Based Remeshing (Proposed).
Let {T̂k}N

k=1 denote the set of triangles in Γtri
h . For any pair of adjacent triangles T̂i, T̂j ∈ T̂h sharing

an edge ei j, let ci and c j denote the centroids of the triangles, and let {va,vb} ∈ ei j be the vertices
of the shared edge. A quadrilateral patch is then formed as

Êk =Quad(va,c j,vb,ci).

The elements Êk (see Figure 6.8d) can be naturally parameterized using cubical maps ψk : Ωd →
Êk, and a corresponding set of mapped points {ψk(pααα)}ααα∈Ad,n ⊂ Êk ∩Γ. Then, the resulting mesh
Γ
quad
h can be interpolated to obtain an nth-order cubical parametrization in the sense of Defini-

tion 100, thereby enabling direct application of theHPS scheme introduced in the preceding sec-
tions. Among the quadrilateralization strategies considered, our proposed approach—forming

134



6.4. Accommodating triangulated surfaces 135

(a) Reference mesh Γtri
h (80 triangles) (b) First method: 172 quads

(c) Second method: 240 quads (d) Third method: 120 quads

Figure 6.8: Comparison of three quadrilateral meshing strategies applied to a coarse triangular
surface mesh (top-left): Blossom-basedmatching (top-right), centroid-based subdi-
vision (bottom-left), and the proposed rhombus-based remeshing (bottom-right).

rhombuses from the triangular mesh—yields the smallest total number of quadrilateral ele-
ments.

6.4.3 Computational asymptotic complexity
For an order-n discretization, the total number of degrees of freedom associated with the mesh
{Ek}K

k=1 scales as N ∼ K(n+1)2. The cost has three distinct components. Constructing the local
solution and Dirichlet-to-Neumann operators on the leaf elements costs O(K(n+1)6), or equiv-
alently O(N(n+ 1)4). For fixed polynomial order, the hierarchical merge stage has the nested-
dissection scaling O(N3/2) described in [50, 91]; if n is varied, the polynomial-degree factors
must be retained separately. Once the hierarchy has been built, the downward solve for a new
right-hand side costs O(N logK +N(n+1)). The storage requirement is dominated by the dense
interface operators retained across the tree and scales like the fixed-order solve storage, up to
the larger constants typical of direct solvers.

Comparison of HPS and surface FEM on the sphere
In this experiment, we compare the performance of the hierarchical Poincaré–Steklov (HPS)
methodwith a higher-order surface finite elementmethod (SFEM) [44]. We consider the Laplace–
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136 6. Fast spectral methods on triangular and deforming surfaces

Beltrami equation on the unit sphere:

−∆Γu+u = f , on Γ = {x ∈ R3 | ∥x∥2 = 1}, (6.31)

where the exact solution is given by the spherical harmonic u(x) =Y m
ℓ (x)with (ℓ,m) = (4,3). The

corresponding right-hand side is defined as

f (x) = (ℓ(ℓ+1)+1)Y m
ℓ (x),

so that u satisfies equation (6.31) exactly.

For the discretization, we parametrize the sphere Γ using surface finite elements constructed
from a coarse reference mesh. The initial triangular mesh is transformed into quadrilateral
elements with rhombus-like shapes, and the vertices are projected onto the sphere using the
closest-point map π(x) := x

∥x∥ . The resulting high-order geometry is then obtained by interpo-
lating π piecewise over the flat quadrilaterals. The numerical implementation is carried out
using the DUNE framework [9, 113], with dune-alugrid [3] for managing the reference mesh
and dune-curvedgrid [106] to define higher-order geometry mappings. The resulting linear
systems are solved using the direct solver UMFPACK [37]. In the performance and accuracy
plots below, DOF denotes the total number of global degrees of freedom, timings are reported
for the assembly and solve stages, and errors are measured against the exact spherical harmonic
solution.

(a) Reference mesh Γ
quad
h (b) Curved geometry Γ

quad
h,n (c) Computed solution

Figure 6.9: Geometry and solution for the sphere model problem in equation (6.31). Left:
quadrilateral reference mesh Γ

quad
h . Center: curved high-order geometry Γ

quad
h,n rep-

resented with a Lagrange parametrization of order n = 5 in SFEM. Right: computed
spherical harmonic solution Y 3

4 .

To distinguish between the two approaches evaluated, we label our method as HPS, while the
reference method, which uses classical surface finite elements on curved geometries, is denoted
as SFEM.

Bothmethods are evaluated on the same sequence of h-refinedmeshes using a fixed polynomial
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(a) Assembly time vs. DOF. (b) Solve time vs. DOF.

(c) Solve time vs. polynomial degree. (d) Memory usage vs. DOF.

Figure 6.10: Performance comparison between the HPS and SFEM discretizations for the sphere
model problem in equation (6.31). Assembly time, solve time, and memory usage
are plotted against the total number of degrees of freedom. The bottom-right panel
fixes the mesh and varies the polynomial degree to compare high-order solve costs.
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Figure 6.11: (Left) L2-error versus mesh size h for SFEM and HPS applied to the exact solution
Y 3

4 , using degrees n = 5 and n = 9.
(Right) L2-error versus polynomial degree for three spherical-harmonic test func-
tions, compared with an exponential fit rate ρ−n where ρ ≈ 9.3.

degree n = 5, which represents the highest practically usable order for SFEM in this setting.
As shown in Figure 6.10, the HPS method outperforms SFEM in both the assembly and solve
phases. For fixed polynomial order, the observed solve time is consistent with the expected
near-linear downward-pass cost after the HPS hierarchy has been constructed.

However, this speed advantage comes with increased memory usage. As with most direct
solvers, the scheme requires more memory compared to iterative methods. As illustrated in
Figure 6.10, HPS consumes significantly more memory than SFEM, a result of storing all re-
quired operators in the HPS approach. Both methods show memory growth consistent with
O(N logN), but with larger prefactors in HPS. We also evaluate performance with increasing
polynomial order on a fixed mesh; the mesh is fixed and the polynomial degree is varied. As
shown, SFEM remains competitive at lowdegrees but degrades rapidly at higher orders, despite
both methods exhibiting similar algebraic complexity (e.g., when using UMFPACK).

In terms of accuracy, Figure 6.11(left) reports the L2-error against a reference solution Y m
ℓ with

(ℓ,m) = (4,3). While both methods perform similarly for low-order discretizations (n = 5), we
observe that HPS achieves significantly higher accuracy by increasing the polynomial degree
from n = 5 to n = 9 under mesh refinement, effectively performing an hp-refinement. The right
plot displays the decay of the L2-error as a function of polynomial degree, using three differ-
ent spherical harmonics Y m

ℓ as exact solutions. The results confirm exponential convergence
consistent with spectral accuracy. The best-exponential fit rate ρ−n, with ρ ≈ 9.3, is included
to indicate the expected decay rate. These results highlight HPS as a highly efficient solver for
high-accuracy simulations, provided sufficient memory is available and the solution is suffi-
ciently smooth.
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6.5 Time-dependent equations
While the HPS scheme is designed to solve “stationary” problems modeled by linear elliptic
PDEs, it can also be useful for accelerating time-dependent problems modeled by parabolic
PDEs. We start by considering the reaction–diffusion systems, which arewidely regarded as key
mechanisms for pattern formation in a variety of contexts, including biological, chemical, physi-
cal, and even economic processes. A general reaction–diffusion system describing N interacting
species defined on a closed, smooth surface Γ ⊂ Ω ⊂ Rd+1 can be written in the form:

∂uuu
∂ t

= ∇Γ · (D∇Γuuu)+FFF(uuu), (6.32)

where uuu := (u1,u2, . . . ,uN), FFF represents the reaction kinetics, also referred to as the source term,
and D denotes the diffusion tensor. A fast direct solver for elliptic equations is useful here be-
cause each time step in (6.32) requires solving an elliptic problem. On a fixed surface, the ge-
ometry, diffusion coefficients, and time step are fixed, so the implicit matrix introduced below
is the same at every time step. The HPS factorization can therefore be built once and reused for
the sequence of right-hand sides generated by the explicit reaction term.

In the discretization process, we handle the spatial discretization, as described in the previous
sections, using a domain decomposition approach with spectral collocation on each element.
This yields a system of ordinary differential equations (ODEs) in time, given by:

duuu
dt

= LΓuuu+FFF(uuu), (6.33)

The term LΓuuu arises from the diffusion components, while FFF(uuu) originates from the reaction
components. Because the diffusive term is typically stiff [124], the use of explicit schemes usu-
ally necessitates excessively small time steps. This can result in computations which are pro-
hibitively expensive in three spatial dimensions. Fully implicit treatment, however, requires the
implicit treatment of the nonlinear reaction term, FFF(uuu), at every time step. This can be partic-
ularly expensive and undesirable because the Jacobian of FFF(uuu) could be dense and is typically
non-definite, or non-symmetric which makes fast iterative solution techniques [136] less effi-
cient andmore difficult to implement. Moreover, explicitly handling the nonlinear reaction term
FFF(uuu) is easy to implement and adds relatively little computational effort per time step. Addition-
ally, many well-known time-stepping methods applied to (6.33) are either first-order (such as
backward Euler) or result in only a weak reduction of high-frequency error components (such
as Crank-Nicolson). In this work, we employ the Implicit-Explicit BackwardDifferentiation For-
mula (IMEX-BDF) family of schemes [5], combining backward differentiation for implicit terms
with Adams-Bashforth for explicit terms.

Let ∆t > 0 denote the time step, and uuun(x)≈ uuu(x,n∆t) represent the approximate solution at step
n. Time discretization with the Mth order IMEX-BDF scheme yields a steady-state problem at
each step:
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(I −ω∆tLΓ)uuun+1 =
M−1

∑
i=0

aiuuun−i +∆t
M−1

∑
i=0

bi FFF(uuun−i), (6.34)

which can be written more compactly as

Auuun+1 = fff n,

where
A := I −ω∆tLΓ, fff n :=

M−1

∑
i=0

aiuuun−i +∆t
M−1

∑
i=0

biFFF(uuun−i).

For the static-surface problems considered in this section, the matrix A is independent of n. The
expensive stage is therefore the construction of the HPS solver for A; after this build stage, each
time step requires only applying the stored solver to the new right-hand side fff n. This is the
sense in which the setup cost is amortized over many time steps. If the geometry, diffusion
tensor, or time step changes, A changes as well and the factorization can no longer be reused
without modification. For instance, using the IMEX-BDF1 scheme, where

ω = 1, a0 = 1, b0 = 1,

yields the equation
(I −∆tLΓ)uuun+1 = uuun +∆t FFF(uuun), (6.35)

which must be solved once per time step to compute uuun+1 from uuun, yielding a per-step solve cost
of O(N logK +N(n+1)) after the hierarchy has been constructed.

The values of ω , ai, and bi for IMEX-BDF schemes of order 2 to 4 are given as follows:

IMEX-BDF2: ω = 2
3 , a =

(4
3 ,−

1
3

)
, b =

(4
3 ,−

2
3

)
,

IMEX-BDF3: ω = 6
11 , a =

(18
11 ,−

9
11 ,

2
11

)
, b =

(18
11 ,−

18
11 ,

6
11

)
,

IMEX-BDF4: ω = 12
25 , a =

(48
25 ,−

36
25 ,

16
25 ,−

3
25

)
, b =

(48
25 ,−

72
25 ,

48
25 ,−

12
25

)
.

The following theorem summarizes the accuracy of IMEX–BDF schemes; see [5, Theorem2.1].

Theorem 104 (Order of IMEX–BDF schemes). An s-step IMEX-BDF scheme, as defined in (6.34),
has order at most s.

In the numerical experiments below, the time step is chosen sufficiently small so that the tem-
poral discretization error does not dominate the spatial discretization error. The reported con-
vergence behavior therefore primarily reflects the high-order spatial discretization and the HPS
solver, rather than the order of the time integrator. A systematic study of adaptive time-step
selection is left outside the scope of this work.

We conclude this section by evaluating the accuracy and convergence of the HPS scheme for a
time-dependent problem. As a benchmarkwith a knownanalytic solution, we consider isotropic
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diffusion on the surface of the unit sphere,

∂u
∂ t

= ∆Γu on Γ = {x ∈ R3 | ∥x∥2 = 1}. (6.36)

The exact solution in spherical coordinates (ϑ ,ϕ), where ϑ ∈ [0,π] is the polar angle and ϕ ∈
[0,2π) is the azimuthal angle, is obtained via expansion in spherical harmonics Y m

ℓ :

u(t,ϑ ,ϕ) =
∞

∑
ℓ=0

ℓ

∑
m=−ℓ

cℓm(0)Y m
ℓ (ϑ ,ϕ)e−ℓ(ℓ+1)t , (6.37)

with modal coefficients determined by the projection of the initial data:

cℓm(0) =
∫

Γ

(−1)mY−m
ℓ (ϑ ,ϕ)u(0,ϑ ,ϕ)dS. (6.38)

To avoid effects due to spectral truncation and to isolate the numerical error, we consider the
initial condition

u(0,ϑ ,ϕ) = Y 0
1 (ϑ ,ϕ) =

√
3

4π
cosϑ , (6.39)

which leads to a closed-form analytic solution due to the orthogonality of the spherical harmon-
ics:

u(t,ϑ ,ϕ) = Y 0
1 (ϑ ,ϕ)e−2t . (6.40)

Figure 6.12: (Left) Computed solution of the pure diffusion problem on the unit sphere at t = 1,
using initial dataY 0

1 and time step∆t = 10−3. (Right) L∞-error versus polynomial de-
gree for different mesh sizes h, measured against the exact solutionY 0

1 e−2t . The sim-
ulations use the implicit–explicit backward differentiation formula (IMEX–BDF4)
scheme.

The left panel of Figure 6.12 shows the computed solution at the final time t = 1, while the
right panel illustrates the L∞-error as a function of polynomial degree for different mesh sizes.
As expected, increasing the polynomial degree results in exponential convergence of the error,
especially for finer meshes.
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142 6. Fast spectral methods on triangular and deforming surfaces

6.6 Numerical study of spatial pattern formation inTuring systems
In Section 6.5, we examined the pure surface diffusion equation as a benchmark problem to
assess the accuracy and convergence of the proposed HPS scheme. Having established the
method’s robustness for this simpler case, we now turn to a more complex and biologically mo-
tivated setting: the Turing model of spatial pattern formation, first proposed by Turing [135].
He showed that a system of two reacting and diffusing chemicals could give rise to spatial pat-
terns in chemical concentrations from initial near-homogeneity. A comprehensive overview of
commonly used reaction kinetics and their underlying motivation can be found in [89]. In this
section, we consider the Turing model on a surface Γ involving an activator–inhibitor system
[8]. Our aim is to investigate how the domain geometry, nonlinearities, and coupling of such
systems influence the emergence of spatial patterns. The specific form of the system considered
is:

∂u1

∂ t
= δu1∆Γu1 +αu1

(
1− r1u2

2
)
+u2 (1− r2u1) with u1(x,0) = u0

1(x), (6.41a)
∂u2

∂ t
= δu2∆Γu2 +βu2

(
1+

αr1

β
u1u2

)
+u1 (γ + r2u2) with u2(x,0) = u0

2(x), (6.41b)

where α,β ,γ , r1, r2, δu1 , and δu2 are the parameters of the reaction–diffusion system. In the
context of equation (6.32), we have the following:

D =

(
δu1 0

0 δu2

)
, u =

(
u1

u2

)
, F =

 αu1
(
1− r1u2

2
)
+u2 (1− r2u1)

βu2

(
1+ αr1

β
u1u2

)
+u1 (γ + r2u2)

 .

In this system, u1 and u2 are morphogens with u1 as the "activator" and u2 as the "inhibitor". If
α =−γ , then (u1,u2) = (0,0) is a unique equilibrium point of this system. The reaction term con-
tributes to the formation of concentration peaks of u1 and u2, whereas the diffusion term tends
to smooth these peaks. The interplay between these opposing processes—reaction-driven peak
formation and diffusion-induced peak smoothing—leads to the emergence of characteristic Tur-
ing patterns.

To understand when such patterns arise, we consider the conditions under which the reaction–
diffusion system (6.41) supports them. Specifically, model (6.41) exhibits Turing pattern for-
mation when the following two conditions, known as the Turing criteria, are satisfied:

(i) In the absence of diffusion, the system tends toward a spatially uniform, linearly stable
steady state.

(ii) The steady state becomes unstable in the presence of diffusion due to the introduction of
random perturbations.

It is well known that patterns produced by the Turing model are influenced by domain geom-
etry [26], and the nonlinear reaction term F(u), containing quadratic and cubic interactions,
plays a key role in driving pattern development. To examine how geometry and nonlinearities
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affect pattern emergence, we simulate the reaction–diffusion system (6.41) on curved surfaces
using the high-order hierarchical Poincaré–Steklov (HPS) method.

The resulting stable patterns exhibit either spot-like or stripe-like structures, depending on the
values of the coupling parameters r1 and r2. The cubic coupling parameter r1 promotes the emer-
gence of stripes, whereas the quadratic coupling parameter r2 tends to favor spot formation [8].
Our numerical simulations indicate that, in general, spot patterns are more robust than stripes
and reach a steady state significantly faster. Stripe patterns only emerge for very small values of
r2, and their orientation varies depending on the initial conditions. In Figure 6.13, we illustrate
examples of these basic cases. For the simulations, we adopt the parameter values 5 from [26]:
α = 0.899, β = −0.91,γ = −α , and δu1 = 0.516δu2 , with δu2 = 5 ·10−3. The initial conditions are
taken to be random: u1(x,0) = rand(x), u2(x,0) = rand(x).

Figure 6.13: Activator concentration u1 for the Turing model on a Swiss cheese surface. The top
row uses r1 = 3.5, r2 = 0 and shows t = 0,200,600; the bottom row uses r1 = 0.02,
r2 = 0.2 and shows t = 0,20,200. Both simulations use IMEX–BDF1 time stepping.

In Figure 6.14, we illustrate the competition between stripe and spot patterns when both nonlin-
ear parameters are non-zero with r1 = 4.5, r2 = 0.2. The results indicate that, in scenarios where
spots compete with stripes, the spotted patterns are remarkably robust and tend to emerge con-
sistently whenever the coefficient of the quadratic term is non-zero.

Next, we simulate the Turing model on a variety of surfaces to investigate the influence of ge-
ometry on pattern formation. One example is an asymmetric torus, defined implicitly by

f (x) =
(
x2 + y2 + z2 −d2 +b2)2 −4

(
ax+ c2d

)2 −4b2y2,

5Parameters follow the non-dimensionalized Turing model in [26], where all coefficients are dimensionless. The
diffusion ratio ensures scale separation needed for pattern formation.
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144 6. Fast spectral methods on triangular and deforming surfaces

Figure 6.14: Activator concentration u1 for the reaction–diffusion model on a sphere of radius 2,
with parameters r1 = 4.5 and r2 = 0.2. The snapshots correspond to times t = 100,
t = 350, and t = 3000 and are computed using the IMEX–BDF1 scheme.

with parameters a = 2, b = 1.9, d = 1 and c2 = a2 − b2. Using the same system parameters, we
also apply the model to a triangulated Stanford Bunny. All simulations are carried out using
the IMEX-BDF1 time-stepping scheme with reaction parameters r1 = 0.02, r2 = 0.2. We evolve
the system for 2000 time steps with a fixed time step size of ∆t = 0.1, corresponding to a final
time of t = 200.

As shown in Figure 6.15, each row represents a different surface geometry (asymmetric torus,
Stanford Bunny), while columns display the solution u at times t = 0, t = 20, and t = 200. For
bothmeshes, we employ 8th-order elements to capture the solution. The emergence and arrange-
ment of spots differ noticeably across geometries, emphasizing that surface shape, in addition
to the system parameters, plays a critical role in the development of Turing patterns. Unlike
in one- or two-dimensional scenarios, where geometry is often simplified or ignored, solving
reaction–diffusion equations on various surfaces with fixed parameters reveals distinct pattern
transitions.

In Figure 6.16, we show simulations on spherical meshes with radii r = 1,2,4, using 10th-order
elements and random initial data. The parameters are chosen to promote stripe formation, with
r1 = 1.5, r2 = 0, α = 1.899, γ =−α , and β =−0.95, and diffusion coefficients set as δu1 = 0.516δu2 ,
where δu2 = 5 · 10−3. Simulations are run up to t = 600 with a time step of ∆t = 0.05. The re-
sults indicate that, as the domain expands, the number of high-activator stripes increases con-
sistently, confirming theoretical and numerical predictions for two-dimensional growing do-
mains [76].

We close this section by investigating interacting Turing systems. Specifically, we consider a
second Turing system in chemicals (u1,u2) that modulates the kinetic terms in the (v1,v2) system
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Figure 6.15: Activator concentration u1 for the Turing model on two geometries: asymmetric
torus (top row) and Stanford Bunny (bottom row). Columns show t = 0, 20, and
200. The simulations use 8th-order elements, IMEX–BDF1 time stepping, and pa-
rameters r1 = 0.02, r2 = 0.2.

r = 4

r = 2

r = 1

Figure 6.16: Activator concentration for the reaction–diffusion model on spheres of different
radii. Rows correspond to radii r = 4, r = 2, and r = 1, and columns correspond
to times t = 0, 10, 300, and 600. The stripe-forming parameter set is evolved using
the IMEX–BDF1 scheme.
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146 6. Fast spectral methods on triangular and deforming surfaces

to give the model:

∂v1

∂ t
= δv1∆Γv1 +α

′v1(1− r1v2
2)+ v2(1− r2v1)+q1u1 +q2u1v2 +q3u1v2

2

∂v2

∂ t
= δv2∆Γv2 +β

′v2

(
1+

α ′r1

β ′ v1v2

)
+ v1(γ

′+ r2v2)−q2u2v1 −q3u2
2v1

∂u1

∂ t
= δu1∆Γu1 +αu1(1− r1u2

2)+u2(1− r2u1)

∂u2

∂ t
= δu2∆Γu2 +βu2

(
1+

αr1

β
u1u2

)
+u1(γ + r2u2).

(6.42)

This setup allows us to investigate howpattern properties change due to the interaction between
the two coupled systems. For the simulations, we use the following parameter values:

• For the (v1,v2) system:

α
′ = 0.398, β

′ =−0.41, γ
′ =−α

′, δv2 = 5×10−3, δv1 = 0.122δv2 .

• For the (u1,u2) system:

α = 0.899, β =−0.91, γ =−α, δu2 = δv2 , δu1 = 0.516δu2 .

In Figure 6.17, we show the resulting patterns for the cases of linear, quadratic, and cubic cou-
pling. When only linear coupling is present, the pattern of v1 becomes identical to that of u1,
indicating that the coupling completely overrides the dynamics of v1. With cubic coupling, the
solution still consists of spots, and the overall structure remains similar to the uncoupled case,
suggesting that this type of interaction does not significantly alter the pattern. The most notice-
able change occurs with quadratic coupling: the spot pattern is distorted and appears overlaid
on a background of stripes, showing that the quadratic term introduces a strong modulation
and leads to a mixed pattern with both spots and labyrinthine features.

When the signs of selected coupling coefficients are changed (see Figure 6.18), the behavior
changes significantly. The linear term produces a negative image of u1 in v1, effectively invert-
ing the pattern. In the other cases, the patterns in v1 appear as a superposition of stripes and
spots. Specifically, quadratic coupling favors spot formation, while cubic coupling leads tomore
spatially ordered spots.

6.7 Evolving surfaces
The previous simulations on static surfaces show clearly how surface geometry affects the for-
mation of reaction–diffusion patterns. Yet in many biological and physical systems, the sur-
face itself changes over time, influencing the development and structure of these patterns. Ac-
counting for surface evolution adds considerable complexity: the resulting models are non-
autonomous, nonlinear parabolic PDEs, for which standard tools—like linear stability analysis
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(a) u1 pattern (b) v1 pattern with q1 ̸= 0

(c) v1 pattern with q2 ̸= 0 (d) v1 pattern with q3 ̸= 0

Figure 6.17: Patterns obtainedwith the coupled system equation (6.42). Each column shows the
effect of a single coupling term: linear (q1), quadratic (q2), or cubic (q3), all with
coupling strength 0.55.

near bifurcations—are no longer effective. Thismakes it essential to develop numericalmethods
that can handle such systems accurately and efficiently.

In response, we extend the high-order spectral framework presented in the first part of this chap-
ter to evolving surfaces, in which both the geometry and the solution vary over time. Our ap-
proach uses a decoupled strategy: at each time step, we first update the surface geometry using
a prescribed evolution law, then solve the PDE on the updated surface. In the numerical exam-
ples below, the surface motion is prescribed independently of the solution; material-transport
effects such as advective and dilution terms are therefore not included in the PDEmodel.

There is an important computational distinction between this setting and the static time-dependent
problems of Section 6.5. On a fixed surface, the implicit matrix A in (6.34) is unchanged and a
single HPS factorization can be reused over all time steps. On an evolving surface, both the
geometry and the local differential operators change with time, so the HPS operators generally
have to be rebuilt, or at least updated, when the surface changes. Consequently, the evolving-
surface examples in this chapter should be viewed as a demonstration that the high-order geo-
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(a) u1 pattern (b) v1 pattern with q1 ̸= 0

(c) v1 pattern with q2 ̸= 0 (d) v1 pattern with q3 ̸= 0

Figure 6.18: Patterns obtained with the coupled system equation (6.42), using the same param-
eters as in Figure 6.17, but with selected coupling signs changed.

metric discretization and HPS framework can be applied to each time slice, not as evidence that
a fast direct solver is automatically optimal for every deforming-surface simulation. Whether
rebuilding is worthwhile depends on the number of right-hand sides solved per geometry, the
size of the deformation between time steps, and the possibility of reusing previous factorizations
as preconditioners.

A time-dependent surface Γ(t) is typically described using either an implicit or a Lagrangian
representation. A widely used implicit approach defines Γ(t) as the zero level set of a time-
dependent scalar function ϕ : Rd+1 × [0,T ]→ R, i.e.,

Γ(t) = {x ∈ Rd+1 : ϕ(x, t) = 0}. (6.43)

In this formulation, the evolution of the surface is governed by the dynamics of the level set
function ϕ . Alternatively, a Lagrangian description tracks the motion of surface points explic-
itly through a velocity field vvv : Rd+1 × [0,T ] → Rd+1, which prescribes the flow driving the de-
formation of the surface over time. In this case, the surface Γ(t) is parameterized over its initial
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configuration Γ(0) by following the trajectories of points on the surface. For an initial point
x0 ∈ Γ(0), the trajectory x(t) satisfies the ordinary differential equation

d
dt

x(t) = vvv(x(t), t) , x(0) = x0. (6.44)

If equation (6.44) can be solved in closed form, yielding an explicit expression for x(t), then we
define the parameterization of Γ(t) over the initial surface Γ(0) as:

Γ(t) := {x(t) | x0 ∈ Γ(0)} .

If an analytic solution is not known, we use the explicit Euler method to approximate the ODE
system in equation (6.44):

xm+1 = xm +∆t vvvm.

To study numerical approximations of reaction–diffusion systems on evolving surfaces, we in-
corporate the surface evolution law into the closest-point projection operator in equation (5.10).
This yields a time-dependent closest-point projection operator.

6.7.1 Time-dependent oriented distance function
We assume that there exists an open bounded set U(t)⊂ Rd+1 such that ∂U(t) = Γ(t). The time-
dependent oriented distance function dΓ(t)(x, t) is defined as

Rd+1 × [0,T ]→ R, dΓ(t)(x, t) :=

dist(x,Γ(t)) x ∈ Rd+1 \U(t),

−dist(x,Γ(t)) x ∈U(t).

For δ > 0 we define N t
δ

:=
{

x ∈ Rd+1
∣∣dist(x,Γ(t))< δ

}. Clearly N t
δ
is an open neighborhood of

Γ(t). For each x ∈ N t
δ
, there exists a unique time-dependent closest point projection operator

πt(x) ∈ Γ(t), defined by
πt(x) = x+dΓ(t)(x, t)∇dΓ(t)(x, t).

By analogy with the stationary case (see Lemma 65), the existence of dΓ(t) is readily estab-
lished, and its regularity follows directly from the smoothness of the parametrization of the
surface.

To account for surface evolution over time, we compose the stationary closest point projection
π0 with a Lipschitz continuous mapping Lt : Γ(0)→ Γ(t), which tracks the deformation of surface
points. The inverse L−1

t is also assumed to exist and to be Lipschitz continuous.

Definition 105. Let Lt : Γ(0) → Γ(t), t ∈ [0,T ], be Lipschitz continuous with Lipschitz continuous
inverse L−1

t : Γ(t)→ Γ(0). In other words, there exist constants c,C > 0 such that

∥Lt(x1)−Lt(x2)∥ ≤ c∥x1 −x2∥ and ∥L−1
t (y1)−L−1

t (y2)∥ ≤C∥y1 −y2∥.
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Assume further that Lt extends to a tubular neighborhood of Γ(0). The time-dependent closest point
projection operator is then defined by transporting a point to the initial configuration, projecting it onto
Γ(0), and mapping the result back to Γ(t):

πt(x) := Lt
(
π0
(
L−1

t (x)
))

, x ∈ N t
δ
. (6.45)

This composition ensures that the projection operator πt accounts for both the geometry of the
initial surface and its deformation in time. The closest point projection on the right-hand side
is the stationary map π0, while Lt carries the time dependence.

We apply the time-dependent projection operator in the numerical solution of PDEs on evolving
surfaces and in the construction of triangulated surfacemeshes at each time step. In this context,
the mapping Lt is often referred to as an arbitrary Lagrangian–Eulerian (ALE)map [82].

6.8 Surface approximation and ALE-based regularization
Let a smooth initial surface Γ(0) be approximated by a triangulated surface Γtri

h (0), i.e., by a
quasi-uniform family of triangulations T̂h(0) of maximal element diameter h. Let xk(0), (k =

1,2, . . . ,N) denote the points of Γtri
h (0) lying on the initial smooth surface Γ(0). The points will

be evolved in time with the given normal velocity vvv, by solving the ODE

d
dt

xk(t) = vvv(xk(t), t) (k = 1,2, . . . ,N), (6.46)

where vvv represents the velocity field. For the prescribed evolution considered here, the points
remain on the surface Γ(t) for all times, i.e., dΓ(t)(xk(t), t) = 0 for k = 1,2, . . . ,N and for all t ∈
[0,T ].

Let △d ⊂ Rd be the standard simplex of dimension d and let [0,T ] be a time interval. A linear
evolving mesh or evolving discrete surface on [0,T ] consists of continuously time-dependent
points xk(t)N

k=1 ⊂Rd+1 and d-dimensional simplex relations T̂ (t)∈ T̂h(t), wherewe identify T̂ (t)⊂
Rd+1 with the simplex itself, which we require to satisfy:

• T̂ (t) ∈ T̂h(t) is non-degenerate, i.e., the map ρ : △d × [0,T ]→ T̂ (t), is a bijection.

• The intersection of two simplices is a common edge, a common point, or empty.

• There are no boundary simplices, i.e., every edge is the intersection of two different sim-
plices.

We set the mesh width h as

h(t) := max
T̂ (t)∈T̂h(t)

diam(T̂ (t)), h := sup
t∈[0,T ]

h(t),
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where diam denotes the 2-dimensional diameter, the in-ball radius at time t is defined as

r(t) := min
T̂ (t)∈T̂h(t)

ρ(T̂ (t)),

where ρ denotes the radius of the maximum inner circle. We set

xh(t) := (xk(t))N
k=1 ∈ RN ⊗Rd+1

and
Γ(xh) := Γ(xh(t)) := Γ

tri
h (t) :=

⋃
T̂ (t)∈T̂h(t)

T̂ (t).

A family (Γtri
h (t))h>0 is called quasi-uniform, if and only if

sup
t∈[0,T ]

h(t)
r(t)

≤ c.

However, the assumption of quasi-uniformity over time is generally not preserved during sur-
face evolution. To illustrate this, we evolved a surface according to the ODE (6.46) over the
interval [0,0.9], as shown in Figure 6.19. Although the initial mesh (left) is quasi-uniform and
the deformation appears mild, the mesh quality deteriorates noticeably over time. In particular,
the normal velocity causes the formation of poorly shaped elements, with triangles collapsing
into near-zero angles. As vertices move according to the velocity field, the resulting triangula-
tions may become unsuitable for numerical simulation, with degeneracies caused by extreme
angle distortion.

Figure 6.19: Closed-surface mesh evolved by the prescribed normal velocity at times t = 0, 0.2,
and 0.9. The snapshots illustrate the deterioration of element quality under normal
motion alone.

Standard remeshing techniques [56, 103] can be employed at each time step to maintain high
mesh quality. However, these methods often introduce or remove mesh points, requiring the
construction of mappings between successive meshes. While this is theoretically manageable,
from an implementation perspective, it is highly undesirable due to the computational com-
plexity and cost involved. To address this, we adopt the Arbitrary Lagrangian–Eulerian (ALE)
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152 6. Fast spectral methods on triangular and deforming surfaces

approach proposed in [82], which enables mesh-preserving surface evolution without frequent
remeshing. The surface mesh then evolves according to

d
dt

xk(t) = vvv(xk(t), t)+www(xk(t), t), k = 1, . . . ,N,

dΓ(t)(xk(t), t) = 0,
(6.47)

where vvv is the physical velocity and www is an ALE velocity that ensures mesh quality. Unlike
purely tangential velocities, www may include normal components and is combined with a con-
straint to keep points on the surface, resulting in a differential–algebraic formulation.

The resulting differential algebraic equation system is:

d
dt

x(t) = vvv(x(t), t)+www(x(t), t)−D(x(t))T
λ (t),

dΓ(t)(x(t), t) = 0, with x(0) = x0

(6.48)

with D(x(t)) :=
∂dΓ(t)(·,t)

∂x and Lagrange multiplier λ (t).

TheALEvelocitywww is computedusing a virtual springmodel defined along themesh edges:

www(x, t) = κ F(x) (6.49)

where the force function F is computed based on the connectivity, and by the forces over the
edges based on the desired length of springs. We refer the reader to [82, 103] for more de-
tails.

The numerical solution of the differential–algebraic system (6.48) yields the updated point po-
sitions while preserving mesh quality. Figure 6.20 illustrates an example of dumbbell-shaped
surface evolution using the ALE framework, which, in contrast to normal evolution (see Fig-
ure 6.19), effectively preventsmeshdistortion andmaintains element regularity over time.

Figure 6.20: Closed-surface mesh evolved with the ALE regularization at times t = 0, 0.2, and
0.9. Compared with the purely normal evolution in Figure 6.19, the ALE velocity
preserves mesh quality during deformation.

To optimize computational efficiency, we precompute the meshes used in our algorithm and
store them for reuse, thereby avoiding the costly overhead of dynamic mesh generation at run-
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time. Given such a triangulation, we incorporate it into the HPS framework by applying the
parametrization strategies discussed earlier.

6.9 Surface growth
We focus on two growth models for the evolution of the surface.

6.9.1 Isotropic growth
Here we are interested in prescribed velocity laws associated with surface growth. As an il-
lustrative example, consider the time-dependent surface Γ(t) given by the zero level set of the
distance function

dΓ(t)(x, t) = a(t)2b
(

x2
1

c(t)2

)
+ x2

2 + x2
3 −a(t)2 .

Different surfaces may be obtained by prescribing the non-negative shape functions a(·), b(·),
and c(·)with b(0) = 0 and b(1) = 1.

• Tangential motion
For the described surface, material points can move both tangentially and normally. We
represent the surface Γ(t) using material points (x̃1(t), x̃2(t), x̃3(t)), and parameterize it as
follows: starting from x̃1(0) ∈ [−c(0), c(0)], we define (x̃2(0), x̃3(0)) to lie on the circle sat-
isfying

x̃2(0)2 + x̃3(0)2 = a(0)2
(

1−b
(

x̃1(0)2

c(0)2

))
,

with the time evolution of the coordinates given by

x̃1(t) = x̃1(0)
c(t)
c(0)

, x̃2(t) = x̃2(0)
a(t)
a(0)

, x̃3(t) = x̃3(0)
a(t)
a(0)

.

Thus, the condition dΓ(t)(x̃(t), t) = 0 holds for the surface at any time t.

• Normal motion
Alternatively, we may choose material points on the same surface such that the velocity of
the material points, vvv(x̃(t), t), is in the normal direction. The material velocity is described
by

vvv(x, t) =V (x, t)n(x, t), n(x, t) =
∇dΓ(t)(x, t)
|∇dΓ(t)(x, t)|

, and V (x, t) =−
∂tdΓ(t)(x, t)
|∇dΓ(t)(x, t)|

, (6.50)

where n(x, t) represents the unit normal to the surface at each point.

6.10 Pattern formation on evolving surfaces
In this section, we investigate the impact of surface evolution on Turing pattern formation by
solving reaction–diffusion systems on time-dependent geometries. Through a series of exam-
ples, we illustrate howboth isotropic and anisotropic surface deformations affect the emergence,

153
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spatial distribution, and symmetry of patterns over time. The reaction–diffusion system is ad-
vanced in time using a fourth-order implicit–explicit backward differentiation formula (IMEX–
BDF4) scheme.

Throughout these examples, the reaction–diffusion equations are treated in the decoupled sense
described above: first the geometry is updated, and then the concentrations are advanced on the
current surface. Thus the equations below do not include the additional advective or dilution
terms that arise in a fully conservative material formulation on an evolving surface.

6.10.1 Isotropic growth and decay
Logistic growth

In this example, we consider an evolving sphere with initial radius r = 1, whose evolution is
driven by a logistic growth function η(t), defined as follows:

η(t) =
egratet

1+ 1
K (egratet −1)

, and Lt(x0) := η(t)x0, (6.51)

where grate= 0.1 andK = 1.5. Here grate is the growth rate of the surface andK is the limiting final
fixed size of the radius. To project points onto the initial sphere Γ(0), we use the closest point
projection operator π(x) := x

∥x∥ . The time-dependent closest point projection πt(x) : N t
δ
→ Γ(t)

is then given by the composition

πt(x) := (Lt ◦π)(x) = η(t)
x

∥x∥
, (6.52)

which ensures that πt(x) lies on the evolving surface Γ(t) with radius η(t). This composition
accounts for both the geometry of the initial surface and its deformation over time.

We consider reaction–diffusion systems defined on evolving surfaces Γ(t),

∂u1

∂ t
= δu1∆Γ(t)u1 +αu1

(
1− r1u2

2
)
+u2 (1− r2u1) , (6.53a)

∂u2

∂ t
= δu2∆Γ(t)u2 +βu2

(
1+

αr1

β
u1u2

)
+u1 (γ + r2u2) . (6.53b)

For the simulation, we take α = 0.899, β =−0.91, γ =−α , r1 = 0.02, r2 = 0.15, δu1 = 0.0026, and
δu2 = 0.005. Whenever a parameter differs from these default values in a specific experiment, it
is explicitly stated.

Figure 6.21 shows the evolution of the u1 concentration in the Turing model on a sphere that
expands isotropically according to the logistic growth law (6.51). The plots correspond to times
t = 10,30, and 50. Initially, the pattern begins to emerge from small perturbations around the
homogeneous state. As the surface grows, more spots form and gradually stabilize. The number
and spacing of the spots appear to be influenced by the increasing surface area, which allows
the activation of higher spatial modes over time.
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(a) t = 10 (b) t = 30 (c) t = 50

Figure 6.21: Activator concentration u1 for the Turing model on an isotropically expanding
sphere. The radius evolves according to the logistic growth law (6.51); snapshots
are shown at t = 10, 30, and 50, using time step ∆t = 10−2.

Linear contracting sphere
In the second example, we repeat the experiment using the same reaction–diffusion system
(6.53) and parameter values as in the expanding case. However, instead of surface expansion,
we consider surface contraction with η(t) = 1− gratet and grate = 0.02. The initial surface Γ(0)

is a sphere of radius r = 3, which contracts over time to a sphere of radius 0.1. As shown in
Figure 6.22, the final pattern on the spherewith radius 0.1 is similar to the pattern that forms on a
stationary sphere with radius r = 3 when δu1 = 0.2758 (see Figure 6.23). Hence, this experiment
demonstrates that contracting the surface can be interpreted as increasing the effective value
of δu1 without surface evolution. Fewer patterns form as the surface continues to contract, in
contrast to the formation of more patterns when the surface expands as shown in Figure 6.21.

6.10.2 Anisotropic growth
Anisotropic evolution of a sphere into an ellipsoid.
We begin with the initial surface Γ(0) and assume that it moves with a velocity field given by
vvv(x(t), t) := (0,0,gratex3(0)) ,where grate is a fixed growth factor. This implies that the anisotropic
deformation of the surface is governed by the following time-dependent closest point projec-
tion

π(x(t), t) := (Lt ◦π)(x(0), t) =
(

x1(0)
∥x(0)∥

,
x2(0)
∥x(0)∥

,
x3(0)
∥x(0)∥

(1+gratet)
)⊤

. (6.54)

Accordingly, the surface at time t can be described as the zero level set of a time-dependent
distance function:

Γ(t) :=
{

x ∈ R3 : dΓ(t)(x, t) = 0
}
, where dΓ(t)(x(t), t) := x2

1 + x2
2 +

x2
3

(1+gratet)2 −1.

The final time is set to T = 60 and the growth rate is grate = 0.04, so that the final surface Γ(T )

is an ellipsoid whose equation is x2
1 + x2

2 +
x2

3
( 17

5 )2 = 1. In Figure 6.24, we observe the continuous
formation of spots as the surface evolves. This demonstrates how anisotropic deformation into
a prolate ellipsoid enhances directional effects, leading to elongated and spatially organized
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(a) t = 0 (b) t = 5

(c) t = 10 (d) t = 20

(e) t = 45 (f) t = 48

Figure 6.22: Activator concentration u1 for the reaction–diffusion system (6.41) on a linearly con-
tracting sphere. The initial radius is r = 3, the sphere contracts toward radius 0.1,
and snapshots are shown at t = 0, 5, 10, 20, 45, and 48.

patterns aligned with the principal axis of growth.
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Figure 6.23: Activator concentration u1 for the reaction–diffusion system (6.41) on a station-
ary sphere with r = 3. From left to right, the diffusion coefficient is increased
through δu1 = 0.0026, δu1 = 0.0176, and δu1 = 0.2758, providing a comparison for
the contracting-sphere experiment.

(a) t = 0 (b) t = 10

(c) t = 30 (d) t = 60

Figure 6.24: Activator concentration u1 for the reaction–diffusion system (6.41) on an anisotropi-
cally growing unit sphere that evolves into a prolate ellipsoid. Snapshots are shown
at t = 0, 10, 30, and 60; the simulation uses IMEX–BDF4 with ∆t = 0.1.

An anisotropic evolution of the dumbbell

We define the evolving closed surface Γ(t) as the zero level set of a time-dependent distance
function:

dΓ(t) (x(t), t) = x2
1 + x2

2 +a(t)2b
(

x2
3

c(t)2

)
−a(t)2, i.e., Γ(t) := {x ∈ R3 : dΓ(t) (x(t), t) = 0}. (6.55)
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Here the functions a, b, and c are given by

a(t) = 0.1+0.05sin(2πt), b(s) = 200s
(

s− 199
200

)
, c(t) = 1+0.2sin(4πt).

The surface velocity vvv at xk(t) is given by equation (6.50), and the coordinates evolve in time
according to

(xk(t))1 = (xk(0))1
a(t)
a(0)

, (xk(t))2 = (xk(0))2
a(t)
a(0)

, (xk(t))3 = (xk(0))3
c(t)
c(0)

.

Figure 6.25 shows the time evolution of the u1 solution in the Turing model, obtained with the
spot-forming parameter set listed in Table 6.1. The simulation runs until final time T = 60, with
snapshots shown at t = 0,10,40, and 60. As the surface deforms, localized spot patterns emerge
and stabilize, influenced by the curvature variations near the neck and lobes. These geometric
features appear to guide the spatial distribution and persistence of the spots, indicating a strong
coupling between surface shape and pattern dynamics.

In contrast, Figure 6.26 presents results obtainedwith a different parameter set that favors stripe
formation. While the underlying surface evolution remains the same, the altered kinetics lead to
the emergence of stripe-like structures aligned along the axial direction. This highlights the role
of both geometry and reaction parameters in determining the symmetry and mode of pattern
formation.

Table 6.1: Reaction–diffusion parameters used for the anisotropically evolving dumbbell exper-
iments in Figures 6.25 and 6.26. In both cases, δu1 = 0.5166δu2 .

Pattern δu2 α β γ r1 r2 Final time
Spots 4.5×10−3 0.899 -0.91 -0.899 0.02 0.15 60
Stripes 5×10−3 1.899 -0.95 -1.899 1.5 0 60

t = 0 t = 10 t = 40 t = 60

Figure 6.25: Spot-forming activator concentration u1 for the reaction–diffusion system (6.41) on
an anisotropically growing dumbbell surface. The parameter set is given in Ta-
ble 6.1; snapshots are shown at t = 0, 10, 40, and 60, using IMEX–BDF4with ∆t = 0.1.

The results in this chapter show that high-order patchwise spectral discretizations, combined
with HPS merging, provide an effective framework for elliptic and time-dependent PDEs on
smooth surfaces. The quadrilateralization strategy makes triangulated data compatible with
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t = 0 t = 10 t = 20 t = 40

Figure 6.26: Stripe-forming activator concentration for the reaction–diffusion system (6.41) on
the same anisotropically growing dumbbell surface. The parameter set is given in
Table 6.1; snapshots are shown at t = 0, 10, 20, and 40. Red and blue denote high
and low activator concentration, respectively.

the tensor-product structure of the solver, while the hypercube-to-simplex reparametrization
identifies a promising route toward treating triangular elements more directly. The evolving-
surface experiments demonstrate that the same geometric framework can be applied to pre-
scribed time-dependent surfaces, although the need to rebuild geometry-dependent operators
limits the direct reuse of HPS factorizations.

6.11 Future work
As previously mentioned, in this chapter we have considered the decoupled case, where the
governing equation is solved on a given surface Γ(t), assuming that its evolution is prescribed
independently. Future work will investigate the fully coupled system, where the surface evolu-
tion

∂Γ

∂ t
= F(Γ,u) (6.56)

is solved simultaneously with the governing equation, introducing additional geometric con-
straints and numerical challenges. This approach will allow for a more accurate and efficient
numerical treatment of coupled reaction–diffusion or transport processes on evolving mani-
folds.

Further challenges and opportunities for extension are:

• Hypercube-to-simplex reparametrization: A promising direction for making the hypercube-
to-simplex reparametrization useful in practical HPS computations is to decouple the vol-
ume discretization from the interface discretization. The square-squeezing map allows
the differential operators on a triangular element to be computed on the reference square,
where tensor-product Chebyshev differentiation matrices are stable and efficient. How-
ever, the induced trace discretization is not naturally triangular: one physical edge, corre-
sponding to the squeezed hypotenuse, inherits boundary points from two square edges
and therefore carries a different number of trace points than the other two edges. This pre-
vents a direct use of the standardHPSmerging procedure on general triangulatedmeshes.

A possible remedy is to keep the square-squeezed tensor-product grid for the interior el-
ement solve, while replacing the boundary representation by a triangle-compatible trace
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space. In such a formulation, each triangular element would expose three physical edges
with comparable one-dimensional interpolation nodes, while the interior solution and
the normal fluxes would still be computed through the square-squeezed parametrization.
The transfer between the square boundary data and the triangular trace data could be
performed by interpolation, projection, or a mortar-type coupling operator. This would
lead to a non-matching interface HPS method in which neighboring triangles are merged
through weak continuity of the solution and flux balance, rather than by requiring iden-
tical Chebyshev point distributions on both sides of an interface.

This approachwould turn the square-squeezing idea into a practical triangularHPSmethod:
the local spectral differentiation would retain the numerical advantages of tensor-product
square discretizations, while the global solver would see a conforming triangular mesh
skeleton. Such a method would be especially interesting to compare against direct trian-
gular polynomial discretizations, such as Koornwinder–Dubiner or PKD-type bases, on
model Laplace–Beltrami problems on the sphere.

• Extending Methodology to Vector-Valued PDEs: The study of viscous flows on curved mem-
branes is fundamental for understanding biological transport processes. A promising av-
enue is the expansion of our approach to include vector-valued partial differential equa-
tions (PDEs), with particular emphasis on solving surface Stokes equations.

• Handling non-parametric Surfaces: Themeshfree geometric-computing frameworkdescribed
in [138] uses polynomial regression over point-cloud level sets to represent complex-
shaped and dynamic surfaces and geometries. This approach is particularly useful for
problems involving non-parametric or dynamic geometries. It can be combinedwith stan-
dard mesh generation algorithms at each time step to produce high-quality unstructured
triangular meshes.

• Orthonormal triangular bases: Finally, an interesting direction for futurework is the incorpo-
ration of orthonormal triangular bases—e.g., Koornwinder–Dubiner polynomials—into
the HPS scheme, which would allow high-order spectral approximation to be carried out
directly on unstructured triangular meshes.

Evolving and deformable surfaces remain a challenging aspect for the solver, as a single factor-
ization can no longer be leveraged to accelerate all time steps. This limits the direct benefit of
HPS for a single right-hand side on a rapidly deforming mesh and raises the need for effective
preconditioners for PDEs onmoving surfaces based onhigh-order domaindecompositionmeth-
ods. While fast direct solvers for static surfaces enable high-order accurate solutions formultiple
right-hand sides—for example within implicit time-stepping schemes—they must typically be
rebuilt when the surface evolves, leading to significant computational cost.

A natural direction is therefore to investigate how a direct solver constructed for a previous sur-
face configuration can be reused as a preconditioner for a nearby surface PDE, thereby amortiz-
ing the setup cost over multiple time steps.
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In addition, to reduce the cost of constructing local solution operators from O(n6) to O(n4), we
propose the use of ultraspherical spectral methods [98] for element-wise discretization. These
methods exploit orthogonal polynomial representations and sparse recurrence relations be-
tween operators, offering a promising pathway toward more efficient high-order solvers for
surface PDEs.
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